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ABSTRACT
VIRTUAL COMPTON SCATTERING 
PROCESSES IN QUANTUM  
CHROMODYNAMICS
Igor V. Musatov 
Old Dominion University, 1999 
Director: Dr. A.Radvushkin
Applications of perturbative QCD to deeply virtual Compton scattering and hard 
exclusive meson electroproduction processes require a generalization of usual par- 
ton distributions for the case when long-distance information is accumulated in 
nonforward matrix elements ip' \ 0 (0 , z) | p) of quark and gluon light-cone oper­
ators. We consider different aspects of the investigation of the virtual Compton 
amplitude in the QCD on two examples: the spin dependent observables in the 
forward virtual Compton process (measured in the experiments on deep inelas­
tic scattering) and the the 77* transition form factor. Then we discuss in detail 
evolution equations for non -  forward parton distributions ^ ( X ,  Ql). The lat­
ter are constructed from simple models for double distributions F{x. y; t =  0: Ql) 
with correct spectral and symmetry properties. They also satisfy the reduction 
relations connecting them to the usual (forward) parton densities f { x ,Q l ) .  We 
obtain solutions for evolution equations for non— forward quark and gluon parton 
distributions and show th a t the models are consistent w ith the evolution. Using 
these models, we give an estim ate for the cross section of deeply virtual Compton 
scattering for the kinematics of CEBAF at Jefferson Lab.
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Chapter 1 
Introduction
The problem of hadronic structure has been attracting experimental and theoret­
ical efforts for several decades. Though the underlying strong interaction physics 
is considered to be well established, due to complexity of the theory this problem 
has not been resolved. On the other hand, as hadrons are the basic tools for 
the future experimental exploration of next level of the fine structure of m atter, 
as suggested by the Grand Unification or Supersymmetry hypothesis, the hadron 
structure should be accounted for with the sufficient accuracy.
The foundation of the contemporary theory of the strong interaction is the 
Quantum Chromodynamics (QCD), the non-Abelian gauge theory of interact­
ing quarks and gluons. It originated from the constituent quark model [1, 2], 
which successfully explained the symmetries of hadronic states and suggested th a t 
hadrons are the bound states of the quarks. Another im portant evidence of quarks 
was the da ta  on deep inelastic scattering (and, later, other hard processes) which 
led to the parton model [3, 4, 5]. The data showed th a t the quantum  numbers 
of the charged pointlike partons can be identified with those of quarks. The next 
significant discovery, based on the attem pt to describe baryons as quark bound 
states, was introduction of a new quantum number, color[6. 7, 8]. This suggested 
tha t quarks carry “color charge” , whereas all hadrons (and other observable par­
ticles) are “color neutral".
The style specifications used in this thesis follow those of Physical Review D.
1
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Absence in the nature of “colored” observable particle means tha t the quarks 
are bound in hadrons by very strong forces which lead to the color confinement. 
On the other hand, the parton model shows tha t in the hard processes the quarks 
are quasi - free. These facts indicate that the strong interaction is vanishing 
at small distances (or large momentum transfer). The non-Abelian gauge theory, 
which introduces gluons, vector self-interacting particles carrying color charge, was 
shown to be asymptotically free and thus became a candidate for the quantum 
field model of the strong interaction[9, 10, 11, 12].
The development of the dynamical model of the hadron structure, however, 
met significant difficulties. The problem is related to the fact that the QCD 
perturbation theory can be directly applied only to the short -  distance processes, 
with the scale much smaller than the typical hadron scale. The nonperturbative 
methods were developed which allowed to describe long distance effects and some 
of the hadron properties; however part of the information on the long - distance 
dynamics and hadron structure is mostly phenomenological.
The general approach to the hard processes in the QCD is based on the separa­
tion of the short -  distance dynamics, which in principle can be calculated in the 
QCD perturbation theory, and the long -  distance effects, related to the structure 
of hadrons. The consistent way to perform this separation is the factorization of 
the physical amplitudes into the short -  distance (or hard) and the long -  distance 
(soft) parts, using some scale as a point of the separation (factorization scale). 
This can be achieved if there is a large kinematic param eter such as momentum 
transfer, which allows us to present the amplitude as a series in its inverse powers 
[13, 14, 15, 16, 17]. In practice, one performs this using the operator product 
expansion technique [19, 20], and with proving the factorization in all orders of 
perturbation theory for the leading term of the series. The hard part of the ampli­
tude for a specific process can be calculated in perturbation theory, and the soft 
part is expressed in terms of the hadronic matrix elements of the light - cone quark 
- gluon operators. The latter are parameterized by universal (independent of the 
process) functions, distribution amplitudes and distribution functions, which ac­
cumulate all information about long - distance dynamics and the structure of
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hadrons. In the language of the parton model in the infinite momentum frame, 
the distribution amplitudes and distribution functions describe the distributions 
or distribution densities of partons in the fraction of the longitudinal momentum 
of the hadron. The resulting amplitude should not depend on the factorization 
scale. However, perturbative corrections generate such dependence in the matrix 
elements, or, in other language, define the evolution of the distribution amplitudes 
or distribution functions. The evolution can be calculated in QCD and relates to 
each other the processes at different values of momentum transfer. These meth­
ods have successfully described the evolution of the quark -  parton distributions 
[22, 23, 24] , measured in the inclusive processes experiments, and the evolution 
of the distribution amplitudes[18, 45, 76], related to the hard exclusive processes.
The data  on the polarized deep inelastic scattering, combined with the data 
on week baryon decays via flavor -  spin symmetry model, showed that the quarks 
-  partons carry only a small fraction of the nucleon spin (which led to the '‘spin 
crisis” in the QCD parton model). This leaves open the question about how 
the angular momentum is distributed among the spins and angular momenta of 
the quarks and gluons. Additional information may be obtained from the pro­
cesses which measure non-forward m atrix elements of light-cone nonlocal opera­
tors (p', s '|O (0 ,2) |p, s). Note, tha t the cross section of the deep inelastic scattering 
can be expressed as the imaginary part of the forward virtual Compton amplitude, 
and therefore related to the forward nucleon m atrix elements (p, s |O (0, s)|p, s) (or 
forward parton distributions).
Recently, it was suggested th a t the non-forward distributions can be estimated 
from the d a ta  on the deeply virtual Compton scattering (DVCS)[122, 121, 123], 
which attracted  significant theoretical and experimental interest. The experiment 
on the virtual Compton scattering is being planned a t CEBAF of Jefferson Lab. 
Theoretically, this process is particularly interesting because of the scaling prop­
erties of the DVCS amplitude, which is very similar to the DIS case. Also, it was 
shown tha t both forward and non-forward distribution can be derived from the 
more fundam ental objects, double distributions. They provide unified description 
for different types of processes (form factors, DIS, hard electroproduction, etc.).
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Recent progress of the experimental efforts on measuring the cross section 
and spin assymetries of the virtual Compton scattering (see, for example, [26]) 
prompted further theoretical research aimed at the task of obtaining reliable mod­
els of the virtual Compton amplitudes and predictions for observables[27].
An interesting problem is the investigation of the evolution of the non -  for­
ward and double distributions. It would not only relate the results of the dif­
ferent experiments (such as DVCS and jet production) but also give a hint on 
the possible shapes of the distributions. The evolution kernels for the double 
distributions can be used to derive the evolution kernels of the non-forward dis­
tributions. It was shown[25] tha t in different dynamical regimes they produce 
either the Dokshitzer-Gribov-Lipatov-Altarelli-Parisi (DGLAP) -type evolution 
kernels (evolution kernels for the DIS distributions) or the Brodsky-Lepage -type 
evolution kernels (evolution kernels for the distribution amplitudes).
The aim of this research is to provide the models for the double and non - 
forward quark and gluon parton distribution, consistent with the available data 
(from DIS and form factors) and with the evolution equations. Because of the 
hybrid nature of the double distribution, we incorporate the investigation of the 
generalized virtual Compton am plitude for the case of the DIS, on the example of 
the generalized Gerasimov-Drell-Hearn (GDH) and Burkhardt-Cottingham  sum 
rules (Chapter 2), and for the case of the distribution amplitude, on the example of 
the 77* - » 7T° form factor (Chapter 3). Then, in Chapter 4 we discuss the models 
for the quark and gluon double distributions, construct the non -  forward distri­
butions and investigate their evolution. On the basis of our model, in C hapter 5 
we give a prediction for the DVCS cross section for the CEBAF kinematics.
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Chapter 2
BC and Generalized GDH Sum 
Rules
2.1 Introduction
The Q2 -  behaviour of the so-called generalized Gerasimov-Drell-Hearn (GDH) 
sum rule [‘29, 30] is just being mesured experimentally [31] and the available proton 
data are in good agreement with the predictions made in [32, 33], which used the 
relationship between the GDH and the Burkhardt-Cottingham  (BC) sum rules. 
They also agree with a new estimate of the contributions from low-lying resonances 
[34]. We stress tha t such a similarity is by no means surprising, since the dominant 
magnetic form factor of A(1232), being the main source of the rapid variation of 
GDH [35], is contributing entirely through the structure function g2 [33], which is 
the key ingredient to the approach of [32].
The starting point of this approach is the simultaneous analysis of the GDH 
and BC sum rules, inspired by the paper of Schwinger [36]. To verify their con­
sistency, the check of BC and GDH sum rules in QED was performed almost 20 
years ago [37] (although the BC sum rule was not mentioned in tha t paper). In 
this chapter we complete this calculation and use the model QED case in order to 
make (qualitative) statem ents about the behaviour of the generalized GDH sum 
rule for the proton. Also we try  to clarify the role of the elastic contribution for
5
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x  —► 1.
2.2 Relation Between the BC and Generalized 
GDH Sum Rules
The main problem with the (generalized) GDH sum rule is the following. Let 
us introduce the Q2-dependent integrals [38] of the polarized proton structure 
functions g\ and ^2
h ( Q 2) =  ~  g i{x ,Q2)dx = f "  — G x(v .Q 2) .
JO J Q-/2M V
2 M 2
h ( Q 2) =  - f y r  g2 ( x ,Q 2)dx = M 2 /  dv  G 2(ja Q2) . (1)
Qz Jo Jq?I2M
defined for all Q. There are solid theoretical arguments to expect a strong Q2- 
dependence of / 2. It is the well-known Burkhardt-Cottingham  sum rule [41]. 
derived independently by Schwinger [36] with a rather different method. It states 
that
h ( Q 2) = -  G e (Q2)1, (2)
where /x is the nucleon magnetic moment and the G's are the familiar Sachs form 
factors which are dimensionless and normalised to unity at Q2 =  0. For large Q2 
we can neglect the r.h.s. and obtain
-l
I
g2(x)dx = 0. (3)
o
The latter equation is often called the BC sum rule and applies only up to 
corrections of twist higher than four.
One of the crucial points of the whole discussion is the treatm ent of the elastic 
contribution. Being of high twist it is not explicitely treated in standard OPE 
analyses. For the small Q2, we follow the arguments of [32, 33] which show that if 
one requires a smooth interpolation to the point Q2 =  0, the elastic contribution 
at x  =  1 should not be included in the sum rule (1) (note, th a t for kinematic
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reasons there is no elastic contribution in the sum rules a t Q2 =  0). One recovers 
then at Q2 =  0 the GDH sum rule:
A(0) =  - f f ,  (4)
where is the nucleon anomalous magnetic moment in nuclear magnetons. 
While Ii{0) is always negative, its value at large Q2 is determined by the integral 
So g i (x .Q 2)dx and is thus positive for the proton. This illustrates the existence 
of strong scaling violations for Ii in the region 0 <  Q2 < 1 GeV2. Its origin can 
be elucidated somewhat using a modified Drell-Yan-West relation [40]. As for 
the unpolarized case one can relate the elastic and quasielastic part of the first 
moment of the spin-dependent structure functions to formfactors (at large Q2) 
according to
I
U w  —  2, mG.v, (Q 2) - G e (<32)
„  9l(z.Q )dx = =   ■ (5)
1 -cons/Q* o M  l + Q z / 4 M *
where the right hand side is just the elastic contribution. In the language of OPE 
it corresponds to contributions from cat-ear diagrams. The constant cons is left 
free. In QCD it would be proportional to the duality interval (~  i/.V/). If one 
makes the usual ansatz for the form of g2{x) ~  (1 -  x)n for x  —> 1 and uses the 
fact tha t F2{Q2) ~  ( l /Q 2)3 and F\{Q2) ~  (1 / Q 2)2 equation (3) gives n =  3. This 
prediction could be tested by planned SLAC and CEBAF experiments. It is of 
the same nature as the usual quark-counting rule predictions.
The role of the elastic contribution is in principle quite similar for polarized and 
unpolarized structure functions. The only difference is th a t because the leading 
contributions are zero, the cat-ear contribution is dom inant for the first moment 
of g2{x). It leads to the non-trivial prediction of the negative sign.
It is possible to decompose I\ into the contributions from the two form factors 
I \+2 and I2'.
h  =  h+2 ~  h ,  (6)
where
2 M2 AhMQ1) = -gr I  9^{x,<y)dx (7)
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9 i +2 —  9 i  +  92- ( 8 )
Note tha t this decomposition corresponds to extracting coefficient functions in 
front of two independent tensor combinations in the spin-dependent (antisym­
metric) part of the hadron tensor:
w iL ~  9i +2 ?iivpcqp°a -  92 'W 'z V  ■ (9)
For Q2 -* 0 one finds
/ 2(0) =  (10)
e being the nucleon charge in elementary units. To reproduce the GDH value one 
should have
W  0) =  ^ .  ( i i )
Note that / 1t2 does not differ from I x for large Q2 because the BC sum rule holds 
there and tha t it is positive for the proton. A smooth interpolation for / i_ 2(Q2) 
between large Q2 and Q2 — 0 can be found in [32].
To better understand the issue of the GDH sum rule, it seems reasonable to
investigate its generalized version in a simple theory, such as a perturbative gauge
field model.
An implication for the BC sum rule comes from the check of sum rules (7) and 
(10) in QED performed immediately after Schwinger’s paper [37]. This pioneering 
paper is hardly known in the spin community, probably, due to two main reasons. 
First, it uses the Schwinger sources theory, which is actually unproblematic in 
this case, because the result are the same in the diagram m atic approach, as we 
shall show below. Second, they use unconventional definitions for spin structure 
functions (also first introduced by Schwinger, e.g. i?4 stands for g2).
Note th a t it is better to speak here about ’’perturbative QCD” , just because 
the emission of a real photon by the Bethe-Heitler process (not taken into account 
in [37]) is of the same order as its emission by the ’’internal” quark. To exclude 
the former, one may change this photon to a gluon. Since we consider only the 
first order in a , the result is the same apart from a trivial color factor. The BC
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sum rule in such an approximation is obviously valid, if the elastic contribution 
is included into the integrand [37].
To proceed, we note that in a gauge theory (for definiteness, we will refer to 
perturbative QCD), while both parts (elastic and inelastic) of the BC sum rule are 
infrared stable, the generalized version of the GDH sum rule is infrared divergent 
(logarithmically) at any nonzero Q2. It is well-known, however, tha t the infrared 
divergencies coming from the elastic process cancel those in the inelastic one, 
implying tha t the quantity
A(Q2) = A(Q2) + /f‘"‘“«32) (12)
is infrared finite (see, for example, Eq.(119,5) in book [39]). Unfortunately, it 
diverges as 1 /Q 2 at small Q2 due to kinematic factors in I[laatlc(Q2). At the same 
time, the Born contribution to / 2 is zero. The IR divergent part of the elastic 
contribution has the kinematic structure of the Born term, so it is also zero in the 
case of / 2 making the inelastic contribution to be IR finite.
The physical reason for this problem is tha t the possibility of emiting soft 
gluons contradicts the existence of a finite threshold, which is assumed in the 
original version of the GDH sum rule. So, the generalized GDH sum rule needs 
to be defined more carefully for gauge models. Possible solutions could be a finite 
mass of the gluon or suppression of soft gluons with virtualities less than some 
value A2, which can be interpreted as the threshold of detector sensitivity.
2.3 Perturbative Calculations and Numerical 
Simulations
We will use the threshold scheme of regularization of the IR singularities in / 1+2. 
The calculation with regularization by a finite gluon mass is more complicated, 
but the result clearly should be the same.
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FIG. 1: The lowest-order diagrams contributing to the generalized GDH and BC 
sum rules. Dashed lines indicate the cuts which provide the imaginary parts.
Explicit calculations of the digrams Fig.l gives the following expression:
' l-(5 2mArl-0
h  =  /  dxgi{x), 8 =
J o Q2
(13)
l r ,. v 1 cts ~ g ^ 2 =  - 6 ( l - x )  + - - C p
by2 + 2y2x  +  6yx  — l l y 2x2 +  36y x 2 + 4y2x 3 — 34yx3 -I- 32x2 
(y + x  — xy)(y  +  4x2)( l -  x)
- 2y2x  — 3yx  -I- y2x 2 — 10y x 2 — y2 + yx3 — 16x3 .
-  2-------------------------------------  ir= . ------------------l o g P > ,
(1 -  x){y -I- 4x2)yjy{y +  4x2)
2x + y + J y { y  + 4x2) Q2
V  =  L - -  ; y
2x +  y -  y/y{y + 4x2) TTl2 '
(14)
Below we reproduce also the full expression for g2 obtained first in the paper [37]
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(see also the more recent calculations [43]):
n - a' l r  y92  — 2 t t  4 2 1 1 +  y
y 6x(2(3y +  2)x +  2y +  3)y)
(y + x - x y ) 2 (y +  4x2))2
1 x(y2 +  1)
y +  4x (y +  x — xy)(y 4- 4x2)
+ ( i  + 2y -  3x4 l t e - 1> 7 5y)  log!)} .
V y + 4x2 /  y/y(y + x -  xy )3/2 J
(15)
For QED m  is the mass of the Dirac particle. It corresponds to some constituent 
quark mass in QCD.
Comparison of this expression for y2 with the asymptotic (in the limit Q2 —> 
oo) formula obtained in [42] immediately shows tha t the term  omitted in that 
paper is the first term  in the expression above:
+  (16)
and naively suppressed at high Q2 as m 2/ Q 2. However, due to the (integrated) 
singularity in the denominator, it should be taken into account for moments and 
leads to the correct result for the BC sum rule. More precisely, this term is 
proportional to
!i$8 ( j  +  e)2 (x =  l - x ,  e =  1/y), (17)
which looks like the elastic contribution (cf Ref. [43]).
It is interesting to investigate this term in the opposite limit of very small Q2\
F n — 12 ( 1  \ 2  ~  M x ) ’ ( f  =  2/)- (1 8)[x(l — y) +  y]2 (x +  e)2
It can be easily found th a t its contribution to the BC sum rule at Q2 = 0 is 2 /2(0),
i.e. without it one would obtain the correct absolute value but the wrong sign.
The numerical results for the generalized GDH sum rule in the lowest order are 
shown for different values of the IR cut-off param eter in Fig. 2. It can be seen tha t
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FIG. 2: AIi^ I ha as a function of y =  Q2/m 2 for different values of the threshold 
A: a) A =  0.1 (solid), b) A =  0.3 (dashed), c) A =  1.0 (dotted); e =  1.
smaller values of 6 lead to higher IR peaks closer to the abscissa. In the opposite 
regime of large S (which effectively is expected in QCD) it shows a rather smooth 
behavior, which is compatible with what was predicted for the generalized sum 
rule J1+2(Q2) for the proton in [32]
2.4 Conclusions
We presented here the investigation of the generalized Gerasimov-Drell-Hearn sum 
rule in the framework of perturbation theory. This simple example allows one to 
distinguish between the two ways of writing this sum rule, namely, keeping and 
omitting the elastic contribution.
The first way (which is the only meaningful one in long-range theories like 
QED, because both elastic and inelastic terms are IR  divergent) leads to  the
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smooth interpolation between low and high Q2. This observation supports the 
suggestion of X. Ji [44] to consider such a quantity for the interpolation between 
high and low Q2 for the real proton. However, such an approach has nothing to 
do with the original GDH value for the real photons, which is changed completely 
by the infinitely growing at Q2 -> 0 elastic background.
At the same time, in a short-range theory with a mass gap (finite threshold), 
like QED with IR cutoff (or real QCD, where it is implied by the confinement 
property), the interpolation between inelastic contribution at non-zero Q2 and 
the GDH value at Q2 =  0 is possible. The form factor / l+2 is rather smooth. 
Our simple model is thus supporting the hypothesis about the dominant role 
of the g2 {x .Q2) structure function in the Q2 dependence of the GDH sum rule. 
However, further investigations in the framework of, say, chiral models and /o r 
QCD sum rules are highly desirable. It would be especially interesting to obtain 
a direct quantitative estimate for the relevant cat-ear contributions, e.g. from 
lattice gauge calculations.
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Chapter 3
Transverse Momentum and 
Sudakov Effects
3.1 Introduction
The form factor Fr r 7ro(<7i, gf) relating two (in general, virtual) photons with the 
lightest hadron, the pion, plays a crucial role in the studies of exclusive processes 
in quantum  chromodynamics. W ith only one hadron involved, it has the simplest 
structure analogous to th a t of the form factors of deep inelastic scattering. At large 
photon virtualities, comparing the pQCD predictions [45, 46, 47, 48, 49. 50] with 
experimental data, one can get im portant information about the shape of the pion 
distribution amplitude Due to its relation to axial anomaly [51], the 7 *7 *7r°
form factor was an object of intensive studies since the 60’s [52, 53, 54. 55, 56, 57]. 
Experimentally, Fr r i r o(<^, <72) for small virtuality of one of the photons. q\ «  0, 
was measured only recently a t e+e_ colliders by CELLO [58] and CLEO [59] 
collaborations (in the la tte r case, only a preliminary announcement of the results 
was made). The possibility to  measure FY r i t a{q\ «  0, q\) a t fixed-target machines 
like CEBAF of Jefferson Lab was also discussed [60]. These measurements inspired 
the studies of the momentum dependence of this form factor within various models 
of the nonperturbative quark dynamics [61, 62, 63, 64, 65, 66, 67, 68, 69, 70, 71].
For a detailed comparison of pQCD predictions with experimental data, one
14
R e p ro d u c e d  with perm iss ion  of th e  copyright ow ner.  F u r th e r  reproduction  prohibited without perm iss ion .
C H APTER 3. T R A N S V E R S E  M O M ENTU M  A N D  SUDAKOV EFFECTS  15
should have reliable estimates of possible corrections to the lowest-order handbag 
contribution, in particular, those due to the gluon radiation and higher twist ef­
fects. W ithin the standard pQCD factorization approach, the one-loop radiative 
corrections to the coefficient function were calculated in refs.[48, 49, 50]. The 
authors of refs. [65, 72] incorporated the modified factorization approach of Ster- 
man and collaborators [73, 74] in which the factorization formula invloves an 
extra integration over the impact parameter b± and Sudakov double logarithms 
of (a s ln2(6̂ _))n type are summed to all orders. In refs. [65. 72] it was claimed 
tha t such an analysis takes into account some transverse-momentum effects ne­
glected within the standard factorization approach [45, 75, 76. 77]. Incorporating 
the transverse-momentum-dependent wave function Jakob et al. [65]
also proposed a model for the effects due to the intrinsic (primordial) transverse 
momentum.
Another attem pt to take into account the transverse momentum effects was 
made by Cao et al. [70] where the light-cone formalism expression [45] for the 
7*7 —>• 7T° was used. Adopting an exponential ansatz for the transverse momen­
tum  dependence of the wave function, the authors observed large "higher-twist" 
corrections, with the conclusion that it is difficult in such a situation to make a 
clear distinction between different shapes of the pion distribution amplitude.
In this chapter, we will discuss various types of transverse momentum ef­
fects for the 7*77T° form factor. First, we briefly outline the derivation of the 
leading-twist pQCD formula for this process using a covariant OPE-like factoriza­
tion approach [78, 75, 79]. In this framework, we identify the basic types of the 
higher twist corrections neglected in the leading-twist approximation. We show, 
in particular, tha t for massless quarks in a scalar theory no intrinsic transverse 
momentum effects are neglected in the handbag diagram: due to the simple sin­
gularity structure of the massless quark propagator, such effects can be taken 
into account exactly and lead to negligible pion mass corrections rn2/ Q 2 only. 
In QCD, the handbag diagram contains a twist-4 term interpretable as a 0 { k \ )  
correction, but no terms corresponding to higher powers of k \ .  Hence, the infinite 
tower of (M 2/ Q 2)n corrections is generated by operators corresponding to higher
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q G .. .Gq  Fock components. In Section 3.2, vve also discuss the structure of the 
results for the one-loop radiative corrections [48, 49, 50] calculated within the 
standard factorization approach [75, 45, 77, 80, 81].
In Section 3.3, we give a detailed one-loop derivation of the basic formulae 
of the modified factorization approach (MFA). We write the relevant one-loop 
integrals in Sudakov variables used in [73, 74], introduce the impact param eter b± 
as the Fourier conjugate variable to the transverse momentum k± and reproduce 
(at one loop) the structure of the modified factorization [73]. In contrast (and 
complementary) to the original analysis, we use Feynman gauge which allows 
us to make a direct graph by graph comparison with the results [48. 49, 50] 
obtained within the standard factorization approach (SFA). Since the modified 
factorization formulas appear as an intermediate step in our calculations which 
eventually produce the results of the SFA, the two types of factorization give 
identical results at any finite order of perturbation theory. The difference between 
the two approaches is only in different organization of all-order summation of 
higher-loop terms. Namely, in the MFA, the Sudakov-type double logarithms 
(a9 ln2(Q6x))n are treated as logarithmic enhancements and are summed over all 
orders to produce a factor suppressing the contributions from the large-6 region. 
In the standard approach, the (a s ln2(Q6))n terms are integrated over 6X and 
included order by order. We show tha t for the 7*77r0 form factor the use of the SFA 
procedure is well justified since the results of the 6_[_-integration produce rather 
mild corrections ( ~  20% at one loop). Another lesson from our detailed one-loop 
study of the MFA is tha t though the factorization formula of the MFA explicitly 
involves an integral over the impact param eter 6i  (or transverse momentum fc±), 
the results of such an integration do not produce power suppressed contributions. 
Thus, despite the claims made, e.g., in refs.[82, 83, 65] higher-twist corrections 
are not included in the MFA .
In Section 3.4, we discuss two recent attem pts [65, 70] to model the intrinsic 
momentum corrections for the Fy.^ o (Q 2) form factor. The approach of Jakob et 
al. [65] is based on the extrapolation of the modified factorization formula into the 
nonperturbative region. At large impact parameters 6, the Sudakov suppression
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factor is supplemented by the nonperturbative wave function ${x,b)  reflecting 
the effects due to the primordial transverse momentum distribution. However, 
since terms which were inessential for the derivation of the Sudakov factor at 
large Q2 may be quite im portant for small Q2, it is not clear for which Q2-region 
such an extrapolation is sufficiently accurate. We observe, in particular, that 
instead of producing the Q2 =  0 value dictated by the axial anomaly [31, 84], the 
extrapolation formula gives a logarithmically divergent result suggesting tha t the 
extrapolation should not go down to very low Q2. Cao et al. [70] use the expression 
for the qq Fock state contribution to F7.7Wq(Q2) derived in the light-cone formalism 
by Brodsky and Lepage [45]. This expression involves no approximations and has 
correct limits both for small and large Q2. In particular, we demonstrate that, in 
full accordance with our general analysis, it contains no higher-twist contributions. 
Still, one should take into account that the qq term, by definition, does not include 
the contribution due to higher q G . . .Gq  Fock components of the pion light cone 
wave function. As shown in ref.[46], the latter coincides in the real photon limit 
Q2 =  0 with tha t of the qq Fock component and doubles the total result at 
this point. Clearly, the inclusion (or at least modelling) of this contribution is 
necessary for a consistent description of subasymptotic effects. Comparing the 
approaches of refs.[65, 70], we emphasize that they incorporate two completely 
different light-cone schemes. The light-cone formalism of Brodsky and Lepage
[45] used in ref. [70] is equivalent to incorporating the infinite momentum frame. 
On the other hand, the approach of ref. [65] (and th a t of the underlying papers 
[73, 74]) is based on the Sudakov decomposition. The basic difference between 
the two light-cone approaches is that the momentum of the virtual photon in the 
7*7 —► 7r° process is dominated by the transverse component in the BL light-cone 
scheme while it is purely longitudinal in the Sudakov approach.
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3.2 Factorization
3.2.1 Structure o f Factorization
We define the form factor F7.7-,r° °f 7 * 7 * —> tt° transition through the
m atrix element
4tt J  ( w j  \T { J , ( X )  J M } \ 0 ) e - ^ x dAX  =  ie2V ^ Q̂ 2JFr r 7 r c (92,g 2) (19)
where is the electromagnetic current of the light quarks
Jit =  eu07Mu + eid'y^d (20)
and 17T, p)  is a one-pion state  with the 4-momentum p. Note, th a t our definition 
(aimed at getting a simple coefficient for the spectral density for the triangle 
anomaly diagram) differs from th a t in refs.[45, 65, 70] by a factor x/2/4tt (for the 
relation of the form factor. The form factor relates to the full 7r° decay rate via
m3
r 7 r .°  =  ^ a L ^ X O ) .  (21)
Experimentally, the most favorable situation is when one of the photons is real or 
almost real: q\ ~  0. In this case, we will denote the form factor by F7.7Xo(Q2). 
where Q2 =  ~q\  is the virtuality of the other photon. It should be sufficiently 
large for pQCD to be applicable. In general, a power-like behavior of F7.7Wo(Q2) 
in the large-Q2 limit can be generated by three basic regimes (see Fig.3).
Q
FIG. 3: Structure of factorization for the Fr i v o(Q2) form factor at large Q2.
R e p ro d u c e d  with perm iss ion  of th e  copyright ow ner.  F u r the r  reproduction  prohibited without perm iss ion .
C H A P T E R  3. T R A N SV E R SE  M O M E N TU M  AND SUDAKOV E F FE C TS  19
The dom inant contribution is provided by the first regime (Fig.3a) which cor­
responds to large virtuality flow through a subgraph V  containing both  photon 
vertices. The power counting estim ate for the large-Q2 behavior of such a config­
uration with arbitrary number of external lines of V  is given by (see refs.[66, 68])
-  H  l>
F (Q 2) < Q • (221
where tj’s are twists (dimension minus spin) of the quark and gluon external lines
of V , with t = 1 for the quarks and t =  0 for the gluons in a covariant gauge.
Hence, for the leading term, one should take the minimal number of quark lines 
(two in our case) while the number of the gluonic .4-fields is arbitrary. Genericallv. 
the leading contribution of this type can be written as
Fy-,-*o{qi,q2) =  J  C{^T],ql ,q2: n 2) {p\O(Cr])\0)yd4^d4rj. (23)
where the param eter /j2 is the factorization scale, C(£, q, qi, 52) corresponds to  the 
short-distance amplitude with two external quark lines and 0(£ ,  q) is a composite 
operator 0{£ , q) ~  q(£)757I/.E'(£, q; A)q(q). The path-ordered exponential
E(£ ,q \A )  =  P e x p  ^ 5  A ^ z jd z *
of the gluonic field A  results from summation over external gluon lines of V.  For 
the quark propagator, e.g., one has
s e«  -  Tl) +  /  S'(5 -  z W g A ^ S ' l z  -  r,) d> z +. . .  = E({, A) Sc($ -  r,)[l +0(G)j
(24)
where 0 ( G )  depends on the gluonic fields through the gluon field strength tensor 
and its covariant derivatives. Since G^ is asymmetric with respect to the 
interchange of the indices p, v, it should be treated as a twist-1  field.
Basically, the contribution (23) is analogous to the quark-antiquark term  of the 
standard operator product expansion for J Q(0)Jll(z). In this form, the operator 
0 (£ , q) still contains non-leading twist terms. To get the lowest-twist part, we
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should expand 0( ,̂q) into the Taylor series
AHv) = £  - 7A"'A1” ... A -?«b S7,A, A , • • • A„«K),n Tl.n=0
N  = q - £
(25)
and pick out only the svmmetric-traceless part 7 7 5 { 7 ,,D̂ D̂  ... DUn}q of each 
local operator from this expansion. The traces correspond to operators with con­
tracted covariant derivatives DVDU which, for dimensional reasons, are accompa-
powers of z2 after integration over £ and 77. Finally, each power of z2 results in an 
extra power of 1/Q2, i.e., each pair of contracted covariant derivatives Du ... Dv in 
a higher-twist operator produces 1 /Q 2 suppression at large Q2. Hence, the twist-2  
part of 77) corresponds to the lowest term of the expansion over (£ -  q)2
The light-cone matrix element can be parametrized in terms of the pion distribu­
tion amplitude (DA) pv{x):
which gives the probability amplitude that the fast-moving pion is a qq pair with 
its longitudinal momentum p shared among the quarks in fractions x and x =  
(1  — x) (throughout this chapter, we use the “bar” convention for the momentum 
fractions: x =  1 — x, y = 1 — y, etc.). Substituting this representation into the 
generic expression (23), we obtain the hard scattering formula
where the factor 4zr/3 is due to our normalization of the form factor and 
T{q\,qi\k,k) is the amplitude for the subprocess 7 (<7i)7 *(92) -*  q(k)q(k). Cal­
culating this lowest-twist amplitude in the momentum representation, we should 
realize that the neglect of the higher-twist operators having extra D2 is equiva-
nied by powers of the interval (£ — q)2. Likewise, the (£ — q)2 factors produce extra
O ( ^ q )  = O ( ^ q ) \ {̂ Q + 0 ( ^ - q ) 2). (26)
(0|aU,J7)|7r°,p>|(5_fj)a=o = ipl, | q e - ,xi^ ) - li{r,p) ^ { x ) dx  . (27)
47T UFr-pr°{qi><h) =  t  /  T{qi,q2-,xp,xp)ipv{x)dx 
<5 J 0
(28)
lent to taking A:2 =  0, k2 =  0 for the external quark momenta. In general, this
R e p ro d u c e d  with p erm iss ion  of th e  copyright ow ner.  F u r the r  reproduction  prohibited without perm iss ion .
CH APTER 3. TR A N SV E R SE  M O M ENTU M  AND SU D AK O V EFFECTS  21
limit is singular for diagrams with loops, and one should regulate the resulting 
mass singularities lnfc2 in some way, e.g.. by dimensional regularization or by 
taking massive quarks and k2 =  m 2. In the latter case, only the logarithmic m q- 
dependence should be kept in the final result: keeping the power terms m 2/ Q 2 
exceeds, for light quarks, the accuracy of the method. The subsequent procedure is 
to split the logarithms ln(Q2/m 2) into the long-distance and short-distance parts 
ln(Q2/m 2) =  ln(Q2/ p 2) + ln (p 2/m 2) and absorb the long-distance ones In(p2/ m 2) 
into the pion distribution amplitude: 'pn(x) —> # v{x\p).
" ________ ( i - * ) P
%
xp
FIG. 4: Lowest-order diagram.
Thus, the lowest-twist contribution corresponds to the parton picture in which 
only the longitudinal (proportional to p) components of the external quark mo­
menta appear. In the lowest order (see Fig.4), the amplitude for transition of two 
photons into the quark-antiquark pair with collinear lightlike momenta xp, xp  is 
Tr7(I5 c(?i -  £p)7i/75p • 0(x). Comparing it with factorization formula Eq.(28, we 
see tha t the Born term  is given1 by the quark propagator:
r ° ( * '« 2) =  Z ( ^  =  ^  (29)
and the pQCD result [45] for the large-Q2 behavior of the form factor is
F r y A Q  ) -  3 Jq xQ2 dx  _  3Q2 J0. (30)
^  fact, there are two diagrams obtained from one another by the interchange of photon
vertices. However, due to the symmetry of the distribution amplitude <pn{x) =  <p„(l -  x), their
contributions can be united.
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Necessary nonperturbative information is accumulated in the same integral
Iq = 7- /  dx -  [ Tq(x,  Q2) <p„(x) dx (31)
Jn JO X Jv JO
tha t appears in the one-gluon-exchange diagram for the pion electromagnetic form 
factor [76, 85, 86]. The value of I  depends on the shape of the pion distribution 
am plitude ^ ( z ) .  In particular, using the asym ptotic form [76, 85]
<£"(*) = 6/ffz(l  -  z) (32)
gives Iq3 =  3. If one takes the Chernyak-Zhitnitsky ansatz [87]
t f z{x) = 3 0 / ffz(l - z ) ( l  - 2 z ) 2 , (33)
the integral I q  increases by a sizable factor of 5/3: I q Z  =  5 and one can hope 
tha t this difference can be used for an experimental discrimination between the 
two competing models for the pion DA.
Since one of the photons has a small virtuality, one should, in principle, also 
take into account the regime (see Fig.36) involving a long-distance propagation 
in the ^-channel, with large momentum flowing through a central subgraph W  
containing only the virtual photon vertex. In the lowest order, this subgraph 
corresponds to a hard-gluon exchange, just like in the asymptotically leading 
pQCD contribution to the pion electromagnetic form factor. The power counting 
for such a contribution into F7.7iro(Q2) is given by
F{Q2) < Q - to'~ to'- , (34)
where i =  1,2 are the twists of composite operators Oi corresponding to qi- 
and p-channel, respectively. Taking into account tha t twist of a gauge-invariant 
color-singlet composite operator Oi cannot be less than 2, we conclude tha t this 
regime gives a nonleading 0 { 1 / Q A) contribution.
The th ird  regime (Fig.3c) corresponds to Feynman mechanism, i.e. to a situa­
tion when the passive quark is soft. Using the wave function terminology, we can 
say th a t F7.7iro(Q2) in this regime is given by an overlap of soft wave functions 
describing the initial and final state. Since there are two quark propagators with 
large virtuality, this contribution also behaves like l / Q 4 a t large Q2.
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3.2.2 Handbag Diagram and Transverse M omentum
For the O PE contribution, the simplest power corrections come either from the 
traces of the two-body operator 0(x, y) which appears in the handbag diagram 
or from a direct insertion of gluon lines with physical polarizations into the prop­
agator connecting the photon vertices. Since D VD„ can be interpreted in the 
momentum representation as the (generalized) virtuality k2 of the quark field, the 
higher-twist operators containing D UD U look like a natural candidate for descrip­
tion of the effects due to the transverse momentum of the quarks. However, there 
are some practically im portant am plitudes which, due to their simple singularity 
structure, are “protected” from the towers of (D 2)n-type higher-twist corrections. 
The most well-known example is given by the classic “handbag” diagram for deep 
inelastic scattering. The lowest-order diagram for the 7*7 —► 7r° form factor 
(Fig.5) has similar properties. Consider its analog in a toy scalar model
F{q2 ,p) =  /  e_,922(O|0 (O)0 (2) | p ) ^ . (35)
The first term  in the 22-expansion for the m atrix element
(O|0(O)0(2) |p) =  &{zp) + 22&(2p) +  (22)2&(zp) +  • • • (36)
corresponds to the twist-2 distribution amplitude while subsequent terms corre­
spond to operators containing an increasing number of <92’s. It is straightfor­
ward to observe that, while the tw ist-2 term  produces the l / Q 2 contribution, the 
twist-4 term  is accompanied by an extra 22-factor which completely kills the I / 22- 
singularity of the quark propagator, and dAz integration gives 5A(q -  xp), which is 
invisible for large Q2. The same is evidently true for all the terms accompanied 
by higher powers of z2. This means th a t the handbag diagram contains only one 
term  with a powerlike behavior for large Q2: it cannot generate higher powers 
of l / Q 2 which one could interpret as the {(k2) / Q 2)n expansion. Since only the 
22 =  0 projection of the bilocal operator survives, we can parametrize
<O|0 (O)0 (2)|p) =  f l cp(x)e-<£(2p) dx + .. . , (37)
Jo
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where the dots stand for terms producing the “invisible” contributions, and write 
the lowest-order term  as
Hence, the handbag contribution in this case contains only the hadron-mass cor­
rections (cf.[38]), but it gives no information about finite-size effects. In the mo­
mentum representation, the origin of this phenomenon can be traced to the fact 
tha t a straightforward expansion of the propagator is just in terms of traceless 
combinations:
( j r t j i  -  (39)
+  0(1*1 >  |?i)En=0(jE^+r9m
The handbag contribution corresponds to |fc| <  \q\, and this part of Eq.(39) 
without any approximation produces an expression equivalent to treating the k- 
momentum as purely longitudinal k =  xp.
It is worth noting here tha t though the hadron-mass corrections have a 
powerlike behavior (p2/ Q 2)n, they should not be classified as higher-twist  cor­
rections: they result from the kinematic hadron-mass dependence of the lowest- 
twist  contribution. For deep inelastic scattering, the possibility to calculate the 
target-mass corrections within the lowest-twist contribution is known as the £- 
scaling phenomenon [89, 90]. As emphasized by K.Ellis et al. [88], the ^-scaling 
phenomenon can be also understood in terms of the primordial transverse mo­
mentum, if one takes into account that, for the lowest-twist term, the transverse 
momentum distribution is totally due to the non-zero hadron mass, i.e., it has a 
purely kinematic nature and for this reason can be calculated exactly. The quark 
propagator in QCD has a  stronger singularity z /z 4. As a result, the handbag- 
type contribution in QCD contains a twist-4 operator with extra D 2 [91], but no 
operators with higher powers of D2.
One may argue th a t there is another part in Eq.(39), when k is large (i.e., 
|A:| > |g|). In this case, the k -line corresponds to high virtualities. If such a large 
momentum goes directly into the soft hadronic wave function, the Q2-behavior
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of such a contribution repeats the fc2-dependence of the soft wave function, i.e., 
very rapidly (say, exponentially) decreases with Q2 (see Section 3.4.3 below for an 
explicit illustration). A. more favorable possibility is when the large momentum 
by-passes the wave function. Such a configuration can give a leading-power contri­
bution. In the la tte r case, the large virtuality flows through several lines forming 
a subgraph with the same (minimal possible) number of external quark lines as 
the lowest-order leading twist contribution. In the QCD factorization scheme, the 
relevant contribution produces a part of a higher-order coefficient function (see 
Fig.3a).
3.2.3 One-loop Radiative Correction to the Coefficient 
Function
At one loop, the coefficient function for the 7 * 7  -> 7r° form factor was calculated 
in refs. [48, 49, 50]:
T(x,  Q h  f )  =  +  CP%  [ ( ?  +  In x) 1„(Q2/ ^ )  + -  9-  ]} .
(40)
In full compliance with the factorization theorems [75, 45] (see also [78. 92. 93]). 
the one-loop contribution contains no Sudakov double logarithms ln2 Q2 of the 
large momentum transfer Q. Physically, this result is due to the color neutrality 
of the pion. In the axial gauge, the Sudakov double logarithms appear in the box 
diagram 3c but they are cancelled by similar terms from the quark self-energy 
corrections 3d, e. In Feynman gauge, the double logarithms In2 Q2 simply do not 
appear in any one-loop diagram. It is easy to check th a t the term containing the 
logarithm In(Q2/fj,2) has the form of convolution
(41)
of the lowest-order ( “Born” ) term  T0(£, Q2) =  1 /£Q2 and the kernel
a .
V (?,*) =  ^ C F (42)
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FIG. 5: One-loop diagrams.
governing the evolution of the pion distribution amplitude. The -operation is 
defined here, as usual [94], by
1
[ F ( t  x)]+ =  F (£ , x) -  <J(£ - x ) J  F{C, x) d( . (43)
Since the asymptotic distribution amplitude is the eigenfunction of the evolu­
tion kernel V(£, x) corresponding to zero eigenvalue.
[  V(£,x)<pa3{x )dx  = 0 , 
Jo
(44)
the coefficient |  +  lnx  of the In (Q2/ / i2) term vanishes after the x-integration 
with <pas{x). Hence, the size of the one-loop correction for the asym ptotic DA is 
/^-independent and determined by the remaining terms. The /-integral
Q2 ' l/  =  —  /  T(x, Q 2) ipn(x) dx
jit Jo
( 4 5 )
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(cf. Eq.(31)) then can be w ritten as
(46)
The negative coefficient —5/2 here comes from the constant term —9/2 (see 
Eq.(40)) partially compensated by two logarithmic terms which give together + 2. 
with + 7 /4  generated by the ^ ln ^x  contribution and + 1 /4  by —x ln x /[2 ( l  -  x)] 
term. W ith C f  =  4/3, the net factor is [1 — | q 5/ 7t]. Hence, for a s/7r ss 0.1, the 
one-loop correction is less than 20% and the a s/ 7r expansion looks "reasonably 
convergent” . Taking the CZ form for <^(x;/j.), we get
Again, the negative coefficient —49/72 comes from the —9/2 term  compensated 
by an increased contribution from the logarithmic terms: ^ ln 2x gives +263/72 
and - x ln x / [ 2 ( l  -  x)] gives 1/6. For // =  Q, the one-loop modified factor is 
[1 -  ^ ( a s/ 7r)], i.e., the total correction is smaller than tha t for the asymptotic 
DA. Since the result is /i-dependent in this case, by an appropriate choice of
49
namely, taking /z =  eiaoQ «  1.5 Q we can formally get a vanishing 0 ( a 3) 
correction. Then the one-loop expression for the form factor would coincide with 
the lowest-order formula, but with the distribution amplitude ^ z {x:f.i) evolved 
to the scale /i % 1.5 Q. However, a t this scale, ^ ( x ; ^ )  does not necessarily have 
the CZ form. To treat the evolution in a consistent way, we set the boundary 
condition that ^ 2 (x;/i) has the canonical CZ form ^ z (x ) =  3 0 /Tx x ( l  — 2x)2 
at some specific scale /z =  Qo (the original derivation [87] assumes Q0 = 0.5 GeV).  
Taking into account tha t ^ z (x) is a combination of two lowest eigenfunctions of 
the evolution kernel, we can write the solution of the evolution equation in the 
leading logarithm approximation:
where 72 =  50/9 is the relevant anomalous dimension and 3o =  11 — \ N j  is the 
lowest coefficient of the QCD /3-function. In what follows, we take N f  =  3 and
= s {l - ( |  ln (Q V ^ )  +  H) } - (•*")
(48)
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/30 =  9. Choosing n = Q, we get for the /-integral (cf. [95])
(49)
' In Q l / \ n 50/81
\  iu» 7r /  [lnQ2/A2
Note tha t the In2 x term generates a larger positive contribution for
because tp%z(x) is more concentrated in the end-point region x ~  0 than ^ “s(x). 
Furthermore, if the distribution amplitude is extremely concentrated in the end-
correction and generates a large positive net effect. In such a situation, the one- 
loop correction vanishes only if /j. =  aQ with a < 1. The broader the DA. 
the smaller should be the param eter a which reduces the one-loop expression 
to the lowest-order one. Since the effective normalization scale is smaller for a 
broader DA, perturbative QCD applicability is postponed to higher Q2. One 
may speculate tha t this phenomenon simply indicates tha t for a broad DA the 
quark virtuality xQ2 is a more natural choice for the effective factorization scale 
than the photon virtuality Q2 (i.e., a ~  (x)) and pQCD is applicable only if the 
average xQ2 rather than Q2 itself is large enough. One faces a similar situation 
studying the pQCD contribution to the pion form factor. The average virtuality 
(xyQ2) of the exchanged gluon in tha t case is essentially smaller than Q2 and one 
may question both the self-consistency and reliability of the pQCD analysis at 
accessible energies [96, 97]. In ref.[74], it was argued tha t due to the Sudakov 
effects in the impact param eter space, the pQCD treatm ent of the lowest-twist 
one-gluon-exchange term for the pion form factor is self-consistent2 at smaller Q2 
than suggested by the estimates of the magnitude of the average gluon virtuality 
xyQ2. One may expect that similar effects manifest themselves also in the 7 *771-° 
form factor. Indeed, our numerical analysis of the one-loop correction shows tha t 
taking a =  1 (rather than a =  (x)) provides a good choice for the factorization
2Note, that self-consistency of the pQCD expansion (small a ,  corrections) for the lowest- 
twist term does not necessarily mean that pQCD is reliable, since power corrections (M2/ Q 2)n 
can still be large.
point region x ~  0. a positive contribution from the £ In2 x term dominates the
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scale. It is accompanied by a small one-loop correction even for a broad DA of 
CZ type.
It is worth noting here that, even without incorporating the impact param eter 
representation, one can observe some traces of the Sudakov effects in the structure 
of the one-loop coefficient function in the region of small fractions x. As explained 
earlier, the one-loop term is obtained by calculating the 7 * 7  —r qq amplitude for 
massive on-shell quarks with subsequent absorption of the mass logarithms in the 
form \n(ff2/ m 2) into the distribution amplitude. When the virtuality xQ 2 of the 
quark line connecting the photon vertices becomes small, the vertex correction 
for the virtual photon (Fig.3a) is dominated (in Feynman gauge) by the off-shell 
Sudakov double logarithm which can be written as
a 3 Q2 Q2 
- — C f m —- In
2n m 2 xQ 2
where xQ2 is the virtuality of the hard quark. Of course, since this virtuality is 
parametrically of the order of Q2, we get only a single logarithm with respect to 
Q2, namely, (ota/2ir) Cp In(Q2/ m 2) ln x  (cf.(40)), just as required for factorization. 
However, if we write the sum of two terms
T C f4 ir
Q 2
In2 x +  2 In —r In x 
m 2
which dominate the small-x region as
T ° FAir m 2 m 2
we see that it converts into the standard on-shell Sudakov double logarithm
- f i C f ln2 ^  (50)
Air m 2
when xQ2 ~  m2. Of course, the region where xQ2 is parametrically of the order 
of the I R  cut-off m 2 is outside the formal applicability region of the factorization 
approach, and there is no surprise th a t double logarithms of Q2 appear there. Note 
the well-known difference a s/ 2ir -> a s/4 ir between the off- and on-shell forms of 
the double logarithms. In higher orders, Sudakov logarithms are expected to
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exponentiate producing the Sudakov form factor3 exp[—(a3/4ir) C f ln2(Q2/m 2)], 
and the region of very small xQ 2 is relatively suppressed due to Sudakov effects.
This also means that taking fi2 ~  x Q 2 in Eq.(40) is not an optimal choice, 
since it is accompanied by a  negative rather than vanishing correction. Indeed, 
the original motivation to take a lower scale n < Q was to compensate the positive 
contribution from the In2 x term. However, taking jj.2 ~  xQ 2 in Eq.(40) for a wide 
DA generates a negative (— In2 x) term which over-kills the original positive  ̂In2 x 
term and converts its sign in the net result. A negative correction, in its turn, 
suggests th a t a larger factorization scale is a better choice. This indicates that, 
for a broad DA, the typical distances probed in the hard subprocess are larger 
than those corresponding to l / Q 2 but smaller than those corresponding to the 
inverse of the average quark virtuality xQ 2.
As we will see in the next section, the modified factorization [74] is similar to 
the choice ~  xQ2 and for this reason it is accompanied by a negative correction. 
We will also explicitly show tha t the latter, in full accordance with the MFA 
analysis [73], can be explained by Sudakov effects in the impact param eter space.
3.3 One-loop Radiative Corrections and Trans­
verse Momentum
3.3.1 Vertex Correction for Virtual Photon and Sudakov 
Effects
To establish the connection between standard and modified factorization ap­
proaches, we give below a rather detailed discussion of the structure of the one-loop 
coefficient function using the Sudakov decomposition for the loop momenta. We 
use the same definition of transverse momentum k x as in ref.[73, 74], introduce 
the impact parameter b± and then translate our results into the 6x-space. To be
3For the pion EM form factor, exponentiation of a similar combination 
(Cjra,/47r)[ln2(xj/Q2/m 2) -  ln2(Q2/m 2)] suggested in ref.[80] was verified by a two-loop calcu­
lation [98].
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able to make a diagram by diagram comparison with ref. [49], we use Feynman 
gauge. This also allows us to  give an independent one-loop derivation of the b±- 
space Sudakov effects which complements the general approach [73] based on the 
analysis in the axial gauge4. We find it also instructive to demonstrate how the 
6j_-space double logarithms appear in a situation in which double logarithms of 
Q2 are absent in any diagram.
We start with the diagram 3a which is the most natural suspect in a search for 
Sudakov effects in Feynman gauge. According to general rules, calculating the co­
efficient function one should assume that external quarks carry purely longitudinal 
lightlike momenta xp  and xp. Using p and q\ (abbreviated in this section to q for 
convenience) as the basic Sudakov light-cone variables, we write the momentum 
k of the emitted gluon as
k — (£ -  x)p  +  qq +  k L (51)
and then take the rj-integral by residue. After that, the contribution of Fig.3a 
(and any other one-loop diagram) can be schematically written as
Ti'\x.Q2)=̂CF j M , - ( I . (52)
The internal amplitude M a(x ,Q2](;,k±) for the diagram 3a is given by
A =  —  { - ( | ) ^ | ^ 2A _ S ( f > l )
. (53)
+  ________________< J)__________ 1
[?Q2 + *i/f] [?(i -  O Q 2 +  **i! J '
The fcj_-integral diverges both in the k ± —► oo and k± —► 0 limits. The ultravi­
olet large-fcj. divergences (they are actually irrelevant to our analysis) are removed 
by the i?-operation, while the low-k± collinear divergences can be regulated by 
taking massive quarks. In tha t case. k2± -+ k \  4- m 2 and the small-fcx divergence
4In a recent paper[99], Li gave a covariant gauge derivation of the modified factorization for 
inclusive processes and heavy-quark decays. However, in technical implementation, his approach 
is quite different from ours.
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(collinear singularity) is converted into the mass logarithm ln(Q2/m 2) generating 
the evolution of the pion distribution amplitude. The Sudakov effects are also 
related to the 1 /k]_ singularity. It is easy to check th a t the coefficient in front of 
1/fc2 in the singular part
~  , ?  , , ( | )  9(e > I )  (54)
k i \ZQ* + k i /Z \  \ X J
has the form of the product of the Born term 1 /£Q 2 and the relevant part
(55)
of the evolution kernel (42). Note, that calculating the evolution logarithm 
ln<32/m 2 from <PkLj k \ ,  one can take =  0 ( “neglect fcj_” ) in all other places, in 
particular, in the denominator factor £Q2 fc2 /£. However, nothing prevents us 
from going beyond the leading logarithm approximation. Keeping the fc^-terms. 
we can take into account those contributions which do not have logarithmic behav­
ior with respect to m 2 or Q2. We will see th a t among them, there are “Sudakov” 
terms with a specific double-logarithmic dependence on the impact param eter 6X, 
the variable which is Fourier-conjugate to the transverse momentum k±. To sep­
arate the contributions related to the evolution kernel from those corresponding 
to Sudakov effects, we first make the decomposition
1 ( I  1 \  1
[«Q2 + *i/?] *Q2 V<«2 + * i/f  *Q2 J  (? -  *)<32 + /?
and notice tha t the denominator factor £Q2 4- A;2 /£  reduces to xQ2 when £ 
and fci =  0 . Hence, we can write
.  /« /  f
(56)
SQ2 + k \ / l  [  fc2 [(£ -  x)Q2 + k2J t \
-  5 ( S - x ) 8 * ( k ±) [  <K f  d2kL ^ - r  ^ -----— T
I  J k l  [ ^ - x ) Q 2 + k2±/c]
(57)
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To disentangle the product of the delta-functions in £ and k± variables, we rewrite 
Eq.(57) as
d?kx ( 1 /  (£/x)9(Z>x) \
h i SQ2 + kl / s \ k i  W - x W  + ki/z,
+6(Z -  x) f  ^  ,--------- -* 1 \ k i  (c -1)(
cPk i
- 1 )q * + fci/c]
dC
fo81
k l  [(C -  x)Q» +  * i /c ]
where the combination
{ Z/ x ) 0{ Z>x )  \  _  ( Z / x ) 0 ( Z >x )
, (Z ~  X)Q2 + k\ / Z )  { z -  X)Q2 +
(C/x)0(C > X)
(C -  X)Q2 + * i/C
(59)
is an analog of the '‘plus” operation for the case when the transverse momentum 
is present. Similarly, the expression
1
kl  [K -  *)Q2 + fci/c]
d?k i
k l  [K -  *)Q2 +  fei/c]
(60)
can be interpreted as a “plus” distribution with respect to k±. Extracting the 
pure 1/fc^-singularity from the (•••)+ term  in Eq.(58)
1 /  ( Z / x ) 0 ( Z>x ) 1 / (Z/x)0(Z > x)'
( ? - * )  )  + 
{Z/x)0(Z > x)
(61)
Q2 \ ( f  - x )  [Z{Z -  X)Q2 +  kl  
we can write (58) in the impact param eter representation as
£ " ’ (* .Q2) =  ^ h J  B(S\bQ)
x \Va(Z,x)L(bm) + E a(x,Z;bQ) + 6{Z -  x )S a(x,bQ) d b;
(62)
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The function B(£]bQ) gives the Born term in the 6-space
m  iC3) -  s  /  ^  -  f‘* °  ( 6Q ^ )  ■ (63)
where b =  |6j_| and K q(z ) is the modified Bessel function. By L(bm) we denote a 
regularized version of the integral resulting from the first term  in Eq.(61):
L{bm) =  Reg(m) j  J  d2k L | . (64)
In particular, if the integral is regulated by 1 /A;2 —>• 1 / { k \  +  m2), then L{bm) =
A'o(6m). The function L(bm)  contains the mass logarithm ln(m 6) multiplied by 
the relevant part Va(£,x)  of the evolution kernel. As discussed in the preceding 
section, the mass singularity ln(m) must be absorbed (in the form I n w h e r e  
fi is the factorization scale) into the redefinition of the distribution amplitude: 
ip„{x) —> ^* (2 ; /i). The second term in Eq.(61) is given by the function E(x,  bQ) 
which also contains the evolution kernel Va{£,x)
(6o)
=  _  [ t  K « (bQ 'JK ~  x)? )] + •
It is easy to notice th a t both the Born term B{C,bQ) and the evolution-related
terms L(bm ) and Ea(x,CibQ) exponentially decrease a t large 6, since the function 
A'o (6 . . . )  behaves like exp(—6 .. . )  in this limit. On the other hand, the “Sudakov"’ 
term
s ^ - . m  =  ( f )  (66)
accompanied by 6(£ — x) in Eq.(62) has a completely different behavior at large 
b. Indeed, changing the variable £ in the above integral as 1 — £ =  yx,  we rewrite 
Eq.(66) in the form
«.<* Q» = i  j  ^  <67>
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According to this representation, the function s(xQb) vanishes as b -> 0. In the 
opposite limit of large impact parameters, it has a double-logarithmic dependence 
on 6. To see this, we integrate first over y and then over k j. taking into account 
th a t the factor (elki-bj- — 1) provides, in the limit of large 6, an effective IR cut-off 
at kj_ ~  1/ 6. As a result, we obtain the large-6 behavior of s(xQb) [73]
s(xQb) a:
r d k  ( k  \  1 (68)
~  /  - j ~ ln f % ~ 2  ln2^ ^ ’ V A qcd  »  6 »  l/Q .
1/6  ^  '
To be on safe side, we included the 1/A qcd >  6 restriction to emphasize that 
these results are only valid in the region where one can trust pQCD expressions 
for quark and gluon propagators.
Integrating s(xQb) with the Born term gives, for small x, a negative double 
logarithm - j l n 2x. As discussed above, such a correction is expected when one 
uses x Q 2 as the factorization scale. Indeed, for small x, the Born term is a 
function of xb2Q2. Hence, the choice y,2 = 1/ 62 is essentially equivalent to setting 
/j? ~  xQ 2.
In ref. [73], it was shown tha t the 6-space double logarithms exponentiate in 
higher orders. In the double logarithmic approximation, they give the suppression 
factor
exp j - ^ C V  In2(xQ6) j  (69)
for large 6. The running of the coupling constant induces the next-to-leading log­
arithm s (cf. [100, 101]). To get them, one should put a s(fc2 ) =  47r/(/30 In k']_/A 2) 
under the integral:
a . C e s W )  -» . (70)
In general, the Sudakov effects are governed by the eikonal [102, 103, 73] (or cusp 
[104, 105, 106] ) anomalous dimension
CFa,  f a 3
rcusp(o(s) — 1 1 4"7T I 7T
/6 7  tt2\  5 ‘
c (36  1 2 ) 18" f
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Clearly, only the a 3 term of r CTj3p(a 3) manifests itself in a one-loop calculation. To 
get further corrections [73], one should substitute CfQs/'x  in Eq.(70) by rctl3p(Q3) 
and also use a two-loop expression for a 3{k2L) and s(xQb) [73]. Here, we restricted 
our analysis by the one-loop level.
3.3.2 Vertex Correction for the Real Photon
For the real photon, the contribution of the vertex correction diagram 36 is given
M b{ x , Q , Z , k x ) =  7 ^ 2  | | ' *2 £ ( l  ! ^ g 2 +  x f c 2 ] } ^  <  X) ' (72)
Again, we concentrate on the term singular at k L = 0. It is convenient to split it 
into two parts. The first part is obtained by taking xQ 2 from the (x -  £)Q2 term 
in the numerator and the second one by taking (—£Q2). We represent the first 
part as
( S \  1 1 (  1 \  ? i x
\ x )  k \  [f(x -  O Q 2 +  xk]] k l  \ Z Q 2 + k l / ( i J  x - E , ) + x k 2J Q 2
__________ i / f _____________
[££<22 +  kl][Z(x -  O Q 2 + xk l )  '
(73)
The last term  here produces no divergences both for large and small k±. The 
1 / k \  singularity is contained in the first term which we arranged to have a form 
of a product of the same Born term 1 /(SQ2 + k2L/£) with a factor looking like a 
fc_!_-modified evolution kernel. Then we write this factor as a sum of a “plus’’ term 
and a 8(x -  £) term:
( f / x )  9{£ < x )  (  ( f i x )  0(f  < x)
f x - f  + x k 2J Q 2 \ f x - f  + x k 2J Q 2)  +
, xf— _ c \ f  (C2/*)0(C < x)
( 0  /  C(* -  0  +  ^ i / Q 2  C'
(74)
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As a result, the total contribution associated with the =  0 singularity can be 
w ritten as
t ^ i x o 1) -  [ d r  I  ^  f 1 (  l ? / x ) W < x ) j
1 l , y )  '  /  W  +  f c i / e 'U i  U ( ^ - « )  +  x « / Q 2 J +
^  I  X ( * i  « ( i - 0 + z k { / Q 2\
6 i k l )  f  f c i [ c ( i - 0  +  r f l / Q 2] )  dC
where the 62{k±) term comes from the second, '‘-£<2 2” part of the original ex­
pression (72).
From this decomposition, we obtain the mass singularity term
(76)
(77)
the evolution-related contribution 
Eb{x,^;b) = -
and the Sudakov term
St(x, tq) -  ±  j  j  ( g )  x k W  = , (^ ) . ITS)
For large b, the latter behaves like
Sb(x; bQ) ss In2 i^/ iQb^j. (79)
By analogy with S a(x\bQ) which is a function of xQb we might expect that 
Sb(x ; bQ) should be a function of xQb. Our calculation above shows tha t S b{x\ bQ) 
is a function of \fxQb.  T hat this result is not unreasonable, can be justified in 
the following way. Note, tha t for small x, both the Born term  B ( x ; bQ) and our 
S b{x]bQ) are the functions of the same combination xb2Q2. Hence, integrating 
the product B(x;bQ)Sb{x\bQ)  over b just gives l / Q 2 multiplied by a constant 
factor: no In x  terms are produced. On the other hand, a In2 x  term  would appear 
if Sb{x-,bQ) would behave like ln2(xQ6) for large b. The explicit expression for 
diagram 36 given in ref.[49] has no In2 x  terms.
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3.3.3 Box and Self-Energy Diagrams
In Feynman gauge, the box diagram 3c contribution in QCD
\ i ( x  o  e k ) = 1 { x  ^ 2Q2 +  (x ~  ® 2Q2 +  e(E '  x)
X x Q 2 \  x k \  [ ^ Q 2 +  k2̂  x k \  [£(x -  0 Q2 +  xk\]
(80)
differs only by a numerical factor from that in a model with scalar or pseudoscalar
gluons, in which Sudakov effects are absent. Hence, the kL — 0 singularity pro­
duces only the evolution effects:
iV/c(x;^,fci) = p-V'c( x , 0 ^ 2 +•••  (81)
where Vc(x,£)  is the relevant part
i ; ( x , o  =  - 0( S < * )  +  f 0( £ > * )  (82)x x
of the evolution kernel. Note, tha t V'c(x,£) does not have a ‘‘plus” form by itself. 
The missing 6(x — £) terms are provided by two quark self-energy diagrams 3d. e
M d + e ~  XQ 2 ^ X ^ k l i  [I  >  X)  +  <  X)




The third self-energy diagram 3 /  has only the UV divergence:
5{x - 0 1 * a x  -  o o ; + x f e i «  (84)
Combining evolution kernels from all the diagrams above, one obtains the total 
evolution kernel V( £, x )  (42).
3.3.4 Standard vs. Modified Factorization
Summarizing the findings of the previous subsections, we write the sum of the 
lowest-order term  and one-loop diagrams in the impact parameter representation
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as
x V'(f, x) L(bm) +  E(£, x; bQ) (85)
where B(£\bQ) is the 6-version of the Born term  (63), V'(£, x) is the total evolu­
tion kernel. E(x,£\bQ)  is the sum of the evolution-related terms like (65). (77). 
S{x ,bQ ) is the total Sudakov term  given by Eqs.(67), (78) and R{£.x;bQ ) ac­
cumulates all the remaining contributions coming from terms regular at k ± = 0. 
Integrating over 6 and specifying the prescription for the renormalized distribu­
tion amplitude y v (x\ /z), one would get the result (40) of the standard factorization 
scheme. In particular, the term  ̂In2 x, most sensitive to the width of the distri­
bution amplitude ^ ( x ;  jz), comes from a negative contribution In2 x due to 
the Sudakov term S(x,bQ)  and a positive contribution ln2x coming from the 
m-independent part of the convolution
This convolution contains also terms denoted by / (x )  which are less singular at 
x =  0. The total sum vanishes when integrated with the non-evolving asymptotic 
distribution amplitude <pv(x). It does not vanish, however, when integrated with 
DA’s differing from (x).
The logarithmic mass singularity lnm  contained in the evolution term 
V'(£,x) L(bm) is eliminated by absorbing it into the renormalized DA. The pro­
cedure used in the modified factorization approach of refs.[73, 74] is to absorb 
ln(m 6). As a result, one obtains the pion distribution amplitude <fv {x: 1/6) nor­
malized at the scale n = 1/ 6. Making such a choice, one should realize th a t 6 is 
an integration variable and, to preserve the acquired precision, one must use the 
evolution equation to get <̂T(x; 1/ 6) for all relevant values of 6. In particular, if the
j  jB (£ \bQ )  ® F (£ ,x)L(bm)
( 86 )x ^ { (5 + lnx) ln(Q2/™2) + In2 x + /(x) j
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distribution amplitude is assumed to have a CZ-type shape for large 6, it should 
be evolved towards the asymptotic shape for smaller b using Eq.(48). Modelling 
ipir(x', 1/ 6) by a function of x  only amounts to neglecting the m-independent part 
of the convolution B(£;bQ) ® V(£,x)L(bm)  (86). As noted before, this contri­
bution contains In2 x, hence, for extremely wide distribution amplitudes it can 
exceed that coming from the Sudakov term which only contains ( - |  In2 x).
In the formal 6 =  0 limit, the function ipv (x \ l /b )  evolved according to the 
leading logarithm approximation formula (48), coincides with ip™{x). However, 
the function E(x,£; bQ) also develops a logarithmic singularity for small 6, because
K o (Q b . . . )  = - \n(Qb)  + . . .  (87)
for small 6. Hence, two ln(6) singularities present in Eqs.(62),(85) compensate each 
other in the 6 -» 0 limit and the net coefficient in front of the evolution kernel is 
ln(Q /m ): the distribution am plitude evolves in fact only to the scale bmtn 1 /Q  
corresponding to the resolving power of the external probe. Absorbing ln(Q /m ) 
into the renormalized distribution amplitude one would get ^p(x) -> x : Q), with 
the large external momentum Q serving now as a factorization scale. Such a 
choice is usually made in the standard factorization approach, in which /j is either 
a fixed constant, e.g., g. = 1 GeV  or proportional to the external momentum, 
g =  aQ , with a being a fixed number. In particular, one can optimize the choice 
of the parameter a by taking the value producing the shape of <p(x; 1/ 6) averaged 
over the essential region of the fr-integration. Another point is that the pQCD 
evolution of ^(x; g) is reliable only in a restricted region g. > go- Since the mod­
ified factorization involves integration over all 6, we formally need to know the 
distribution amplitude < (̂x; 1/ 6) outside the perturbative region 6 < l / ^ 0- One 
should remember, however, tha t the Born term Ko(Qby/x5) for finite x  exponen­
tially suppresses the large-6 region. As a result, essential impact parameters 6 
are ~  l /Q-  The suppression by the Born term disappears for small x when the 
effective scale becomes 1/y /xQ2 rather than l /Q .  In this case, the suppression of 
the large-6 region is provided by the exponentiation of the Sudakov terms which 
is the crucial element of the modified factorization approach [73, 74]. As a result
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of the exponentiation, the series of [a, ln2(Q6)]n terms, each of which tends to 
infinity as 6 —> oc, is substituted by the exponential of Eq.(69) type rapidly van­
ishing with growing 6. Of course, for finite x, the Born term  K 0(Qby/xi)  provides 
even stronger suppression of the large-6 region and the influence of the Sudakov 
factor is minor. Only for small x Sudakov effects become im portant. The relevant 
combination xQb in the Sudakov term of the diagram 3a converts into Qb. and the 
exponentiated Sudakov factor plays a primary role in squeezing the size of essen­
tial impact parameters. A special role of the small x-valus in the 6i_-integration 
is reflected by the — |  In2 x term  resulting from the convolution of the Born term  
with the one-loop Sudakov factor:
4 -  I  B ( x ;  Qb)  S ( x ;  Qb) d 2b± =  - i j  ( - 1  In2 x  -  s i x ) )  . (88)
where g(x) stands for less singular terms. After integration with the asymptotic 
distribution amplitude, the ( - 5  In2 x-<?(x)) term  gives approximately -9 /4 + 0 .0 5 , 
to be compared with the magnitude - 5 /2  of the total one-loop correction (see 
discussion after Eq.(46)). Hence, the total one-loop correction in the case of the 
asymptotic DA is very close to the contribution of the Sudakov term  alone (the 
deviation is only 12%). If the higher-loop corrections can be also approximated 
by the Sudakov contribution, then the exponentiated form would produce the 
all-order result in a rather compact form.
Discussing the numerical significance of the Sudakov terms, we should keep 
in mind tha t all the logarithmic enhancements ln2(Q6) are perfectly integrable 
and that the region of small x, where the Sudakov terms are im portant, is small 
itself: after b±- and x-integrations, there are no especially large contributions in 
the final result. The total one-loop correction is only about 20%. Hence, the 
exponentiation of the Sudakov terms would alter the one-loop corrected result 
for the form factor by just a few percent, which is similar to the accuracy of 
approximating the to ta l contribution by the Sudakov term at one loop. Note also 
tha t a few percent change may be smaller than the contribution generated by the 
one-loop terms E(x,£ ,Q b) ,  R(x,£ ,Qb)  and the effects due to the 6-dependence 
of the renormalized distribution amplitude ipn{x; 1/6). Moreover, for a wide DA.
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the la tte r are comparable to or exceeding the Sudakov contributions. In principle, 
one can try  to explicitly include these corrections within the MFA framework, 
but the result would not have a simple form anymore. In this situation, instead 
of dealing with convolutions of Bessel functions, one may prefer to use the result 
(40) of the standard factorization approach which has a simple form with easily 
controllable accuracy. Another bonus of using the SFA is the ability of ^ ( x ; ^ )  
to fully absorb the necessary nonperturbative information: increasing Q we do 
not need to make any assumptions about the shape of ^ ( x ;  //) at smaller values 
/i < Q of the factorization scale fi.
3.4 Inclusion of Primordial Transverse Momen­
tum
3.4.1 Brodsky-Lepage Interpolation
Despite our persistent efforts, we failed so far to find any traces of contributions 
capable of producing a series of transverse-momentum-related power corrections 
to the leading pQCD result. Recall tha t we investigated first the higher-twist con­
tributions due to operators with contracted covariant derivatives D^ . . .  which 
are the standard candidates to describe the fcx-effects in the OPE-like factorization 
approaches. We observed tha t, for the simplest handbag diagram, these operators 
do not produce the expected infinite chain of ( l /Q 2)" power corrections. Then 
we studied one-loop radiative corrections in the Sudakov and im pact-param eter 
representations. Our results are in full accord with the corresponding expressions 
of the MFA [73, 74]. But they also completely agree with the one-loop results 
[48, 49, 50] of the SFA, i.e., they do not contain any power corrections. Never­
theless, F7 . 77ro(Q2) ~  l / Q 2 cannot be a true behavior of F7 .7iro(Q2) in the low-Q2 
region, especially since the Q 2 =  0 lim it of F7 .77ro(Q2) is known to be finite and 
normalized by the tt° -» 7 7  decay rate. The value of F7. 7iro(0) in QCD [84] is 
fixed by the axial anomaly [51] relation 21
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^7*7T°(0) — , ■ (89)
If the shape of the pion DA is specified, the large-Q2 behavior is also known. For 
the asymptotic DA,
F S > ( ( ? 2) =  (90)
Long ago, Brodsky and Lepage [47] proposed the interpolation formula
F “ 5 L(Q2) =  - 1 „  , =  ‘ . . (91)
( l  +  4$7j) Jn\ "b Q /so)
which reproduces both the Q 2 = 0 value (89) and the high-Q2 behaviour given by
Eq. (90). The BL-interpolation formula (91) has a monopole form with the scale
so =  47r2/ 2 ss 0.67 G eV 2 numerically close to the p-meson mass squared: m 2 «  
0.6 G eV 2. Thus, the BL-interpolation suggests a form similar to tha t based on the 
VMD expectation Fr 77ro(Q2) =  l / [ 7r / ff(l +  Q2/ m 2)\. In the VMD-approach. the 
p-meson mass m p serves as a parameter determining the pion charge radius, and 
it is only natural to expect tha t the tower of (s0/Q 2)‘v-corrections suggested by 
the BL-interpolation formula can be explained by intrinsic transverse momentum 
effects. The only problem is how to get Eq.(91) (or anything similar to it) from 
QCD. i.e., how to construct an expression which would provide a good model 
both in perturbative and nonperturbative regimes. Before proposing our variant 
of the solution to this problem, let us discuss briefly two recent a ttem pts [65. 70] 
to include intrinsic transverse momentum effects into the description of the 7*777° 
form factor.
3.4.2 Extrapolation of Perturbative Results
As emphasized above, despite the fact tha t the denominator of the Born term 
1/(£Q 2 +  fcj./0 is fcx-modified compared to its collinear approximation £Q2, con­
volv ing  B(£\bQ) with S(£; bQ) one would enjoy no power modifications of the 
canonical l/<32-behavior, i.e., the transverse-momentum effects included in the 
Sudakov term  and other one-loop corrections do not correspond to any higher- 
twist contributions. The obvious reason is that, apart from the IR regulator mass
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m (producing a logarithmic dependence lnm  which is absorbed into <p(x; n)), the 
large momentum Q is the only scale that appears in the relevant /^-integrals.
In general, the fact th a t some contribution is w ritten as an integral over the 
transverse momentum A;x or the impact param eter 6X does not necessarily mean 
th a t something beyond the leading twist is included. To illustrate this point, 
we note tha t even the lowest-order, “purely collinear” contribution (30) can be 
written in the impact-param eter representation. A possible form is suggested by 
the one-loop calculation:
Fq(Q2) = \ J q d x  J  ( v ^ ^ Q 2)  ip*(x) d2b . (92)
where xKa( \ /xxb2Q2) is the impact-param eter profile of the modified propaga­
tor 1 / {xQ 2 + k \ / x ) (see Eq.(63)). Though the 6-version of the quark propagator 
explicitly depends on 6, integrating over 6 in Eq.(92) gives a simple power re­
sult l /Q 2 without any subleading power corrections. This phenomenon can be 
traced to the absence of the 6-dependence in the distribution amplitude. In the 
momentum representation, Eq.(92) is equivalent to using qpw(x)62{kj_) for the qq-ir 
vertex:
However, as we have seen in the preceding section, radiative corrections gen­
erate terms with less trivial fcx-dependence. In particular, the one-loop correction 
contains ota/ k \  terms. As a result, the KX-dependence of the qqir vertex at one 
loop is
V3ir(0<s2(fcj.) +  ^ n ) 2k2 L  V ^ ' X  ̂ dx + . . .  . (94)
In the impact param eter representation, the sum of 52{k1_) and 1/A;2 terms is 
converted into a more suggestive combination
V{^ ,x )(p ir{x)dx,  (95)
which can be understood as the two first terms of the a 3-expansion of the expres­
sion for the leading-logarithm evolved distribution am plitude <p(£, 1/ 6) written 
symbolically as
exp — \n(bm)V (96)
I 27T
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Since all the conclusions made from the studies of one-loop corrections are
based on perturbative analysis, strictly speaking, they are only applicable to trans­
verse momenta which are large enough5. Furthermore, there are no special reasons 
to expect th a t formulas derived for momenta k ± generated by perturbative gluon 
radiation are still true in the small-fcx region dom inated by primordial (or intrin­
sic) transverse momentum. Still, it is tem pting to extend the leading-logarithrn 
convolution formula
into the nonperturbative region. To do this, we should substitute the distribution 
am plitude <p(x: 1/ 6) by a function which reflects (or models) the nonperturbative
6-dependence.
In the light-cone approach [45], the basic object is the wave function $(x.kj_)  
which depends both on the fraction variable x and transverse momentum k±. In 
QCD, it is customary to split ^ (x , k±) into two components. The soft component 
^ so/t(x, k ±) is due to the nonperturbative part of the QCD interaction and its 
width is determined by the size of the relevant qq bound state. It is expected that 
<HS0̂ { x , k L) rapidly (e.g., exponentially) decreases for large k \ .  In our perturba­
tive lowest-twist treatm ent above, the soft wave function 'I'sô (x , k±) was imitated 
by ■pv (x)5‘2{k1_)- The pQCD interaction (gluon radiative corrections) produces the 
hard component 'I'/,ar<1(x, k L) which behaves like ot3/ k \  at large k L. The distribu­
tion am plitude <p„(x) can be treated as the integral of the wave function ^ (x , k±) 
over kj_ (cf. [45]):
For $ 30/ ‘(x ,f c j ,  this integral perfectly converges. However, the perturbative 
l/fc^-tail generates logarithmic divergences. Hence, one should supplement this 
definition by some regularization procedure specified by a cut-off parameter n : 
<pv {x) —» ^ (x ,/x ) .  The “cut-off” should be understood in a broad sense. It may 
be imposed literally k \  < /r2 or one can use more gentle procedures based, say, on
5 In particular, speaking about the double-logarithmic behavior “at large 6” we imply that b 
may be much larger numerically than l /Q  but is still within the pQCD applicability range.
R e p ro d u c e d  with p erm iss ion  of th e  copyright ow ner.  F u r the r  reproduction  prohibited without perm iss ion .
(97)
(98)
C H A P TE R  3. T R A N SV E R SE  M O M EN TU M  AN D  SU D AKO V EFFECTS  46
dimensional regularization. In other words, ^ ( x )  is a scheme-dependent object:* 
<pn(x) —> ip ^{x ) .  The choice of a specific scheme S is a m atter of convenience. 
In particular, the Fourier transform
j  , k ±)d?k± (99)
to the impact param eter representation can also be treated (at least, for small 6)6 
as a regularization scheme for the integral defining the distribution amplitude:
__
y l F){ x ; f i = l / 6) =  —  $ ( x ,6) ; b -> 0 . (100)
This observation suggests the extrapolation of the convolution formula into the 
nonperturbative region by substituting #{x \ l /b )  in Eq.(97) by the 6-space wave 
function ^ (x , 6) (see ref.[65]). Since the fcj_-effects are only essential when xQ 2 
(i.e., x) is small, one can either use the original combination \ / x iQ b  in the ar­
gument of the Born term K o { \ /x iQ b ) or substitute it by y/xQb. In particular, a
modified version of the convolution formula (97) written in the ^-rep resen tation
F̂ AQ2) = ^rJlixJ Wr tr A -  (101)
is the starting point of the analysis by Jakob et al.[65]. In this expression, a 
simpler form xQ 2 -I- k \  is used for the modified denominator of the '‘hard” quark 
propagator instead of the combination xQ 2 +  k \ / x  which appears in our Eq.(63). 
However, since the difference is proportional to k \  and vanishes for x  =  0. the two 
forms have essentially the same footing. As a model for 'F(x, k L), Jakob et al .[65] 
use the ansatz [46] with the exponential dependence on the combination k2J x x  
(or Gaussian dependence on k±_). We write it in a form similar to tha t used in 
ref. [65]:
*(c)(i'*j = S ^ expN y  ■ <io2)
8The basic difference between ^ ( x ;  1/6) and §(x ,6 ) is that / Ql ipT(x; p) is given by the same 
constant /„  for any fx while $(x,b)dx  in general depends on 6.
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where a  is the width param eter and ipir{x ) is th e desired pion distribution 
am plitude7. In the ^-represen tation , the model wave function is
¥ G)(x, <pn(x) exp b^axx^j . (103)
The model is restricted by two conditions taken from ref. [46]. First, the two-body 
Fock component of the pion light-cone wave function $  (x, kU) is required to satisfy 
the constraint
i'dx f = {m)
imposed by the n  —► nv  rate. This gives the usual normalization condition for the 
pion DA
<p,r(x)dx =  /* . (105)/Jo
I
The second condition specifies the value of the x-integral of ^(x./cx) at zero 
transverse momentum
1 \/6
\^(x, /cj_ =  0) dx — ——. (106)
0 Jit
For the model ansatz (102), this condition results in the following constraint for 
the /o-integral
f / V ( x ) £ - 3 2 .  U07)
JIT Jo X So
In obtaining Eq.(107), we incorporated the symmetry property ^ ( x )  =  ^ ( x )  of 
the pion DA and used again the notation so for the im portant combination 4ir2f 2. 
Since I™ =  3 and I GZ =  5, the width parameters are aas =  s0 ~  0.67 GeV2 and 
<xcz  =  | So »  1.11 GeV2.
In the form (106), the second condition was derived in ref. [46] from the re­
quirement tha t the 7r° —> 77 decay rate (or, what is the same, Fr 7iro(<32 =  0) )
calculated within the light-cone approach coincides with tha t given by the axial
7In the original model [46] k̂ _ appears in the combination k]_+Mq where Mq is the constituent 
quark mass. As a result, the distribution amplitude <p„{x) is exponentially suppressed like 
exp[-A f2/2(Txx] in the end-point regions. Jakob et al., however, follow Chibisov and Zhitnitsky 
[107] who insist that the constituent quark mass M q should not appear in QCD-motivated models 
for 4>(x, fcj_). In particular, Mq does not appear in the model wave function ^^LD\ x ,  k±) [67] 
based on local quark-hadron duality: only the current quark masses m q (usually set to zero for 
u and d  quarks) are present in QCD Feynman integrals.
R e p ro d u c e d  with perm iss ion  of th e  copyright ow ner.  F u r th e r  reproduction  prohibited without perm iss ion .
CH APTER 3. T R A N SV E R SE  M O M EN TU M  AND  SUDAKOV EFFECTS  48
anomaly. It is easy to see, however, tha t in the Q2 —)► 0 limit, the A^-integral in 
Eq.(lOl) logarithmically diverges in the small-fcx region for any function which 
is nonvanishing a t kj_ — 0. Note, th a t ^ (x , kx =  0) cannot vanish if we wish 
to satisfy the condition (106). Rather ironically, the condition which presumably 
should secure the correct value for F7 -77ro(<32) at Q2 =  0 guarantees instead that 
the extrapolation formula diverges at that point. This gives a clear warning that 
one should be very careful using the simplest extrapolation: it is difficult to judge 
a priori how reliably the formula failing for Q2 =  0 models the subasymptotic 
effects for moderate Q2. The authors of ref. [65] also include the Sudakov expo­
nential in which they take a symmetric combination s(xQb) +  s(xQb). As noted 
earlier, our one-loop calculation in Sect.IIIB shows tha t for F7 .7Jro(Q2) one should 
use s(y/xQb) instead of s(xQb). Our final observation is that expanding Eq.(lOl) 
in k2x / Q 2 one would get an infinite series of power corrections under the x-integral. 
According to our general result, the handbag diagram should not produce a chain 
of higher-twist contributions. Hence, the extrapolation formula cannot be inter­
preted simply as a transverse-momentum-corrected expression for the handbag 
diagram.
3.4.3 Transverse M omentum in the Light-cone Formalism
Another attem pt to model the subasymptotic corrections was made in ref. [70]. It is 
based on the Brodsky-Lepage formula [45] for the two-body (i.e., qq) contribution 
to the 7*77r° form factor in the light-cone formalism:
(«x x ^  *<»■ ^  • <108)
Here, q±_ is a two-dimensional vector in the transverse plane satisfying q \  = Q2, ej_ 
is a vector orthogonal to q±_ and also lying in the transverse plane [45] and the cross 
denotes the vector product. Again, the wave function is chosen in the Gaussian 
form (102) satisfying the constraints (104) and (106) 8. Though the integrand of
8 As emphasized recently by Kroll [95], Cao et al. use constituent quark masses Mq ~  
330 M eV  which produces a strong exponential suppression exp[-Mq /2oxx] of the end-point
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Eq.(108) looks rather singular, there are no problems with the convergence of the 
fcx-integral in the q± —> 0 limit. The result is finite, since
q l  + ka±
{Qjl +  fcx)2 ~  ie
= tt5 {k±)q° (109)
<7j_—*-0
for any test function 'b (x ,k_L) which depends on k± through k \ .  Because of the 
(52(/cj.)-function, the Q2 — 0 result is determined by the wave function at zero 
transverse momentum.
In ref.[70], it is claimed tha t the k±/Q  expansion of Eq.(108) produces large 
;‘higher-twist” corrections to the leading-twist result. In fact, when '&(x, k±) has 
an exponential fc^-dependence, it is trivial to calculate the Ar^-integral explicitly
xQ 2 1_exp( - ^ dx ( 110 )
to see tha t the correction term in the integrand of Eq.(llO) has an exponentially 
decreasing rather than a power behavior for large Q2. This result agrees with our 
general statem ent tha t the handbag diagram contains no higher-twist contribu­
tions. Our analysis works in this case since the Brodsky-Lepage formula (108) 
corresponds to the handbag contribution w ritten in the light-cone variables with­
out any approximation. Just like in the covariant treatment, the naively expected 
series of power corrections ((k]_)/Q2)n does not appear because the expansion of
( m i(xqL + k ±)2
contains only traceless combinations. Indeed, multiplying (111) by q±/ Q 2 and 
defining (k±_q±) =  |fcx|Qcos0 , we obtain
a:
xQ 2 +  |/c_i_|<2cos0 
x 2Q2 + 2x\kL\Qcos<p + k \
1




regions. As a result, the /-integral for the DA corresponding to their “CZ” model is 3.71 rather 
than 5, i.e., despite zero at x =  1/2, such a model gives a rather narrow DA, which is closer in 
this sense to the asymptotic DA rather than to the original CZ one.
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For a wave function ^ (x , k±) depending on kx  through k2x  only, all the oscillating 
terms proportional to cos(n<£) (i.e., to Chebyshev polynomials Tn(cos<2>) corre­
sponding to traceless combinations in two dimensions) vanish after the angular 
integration. Only the n =  0 term  written outside the sum over n gives a nonzero 
result. Hence, for the wave functions of ^ (x , k x ) =  0 (x, k2x ) type, we can write
0 /•! yV/p f&Q
F̂ )=wsiw*L (113>
This means tha t the leading 1 / x Q 2 term  in Eq. (110) comes from the integral over 
all kx s while the exponential correction appears because the integration region 
in (113) is restricted by kx < xQ.  Another subtlety is that the Q 2 = 0 value
F ,"W 2 =  °) =  A t  (114>
^  J 7T
dictated by eqs.(106) and (109) (and manifest in Eq.(llO) ) gives only a half of 
what is needed to get the correct 7r° —> 7 7  rate (89) . As explained in ref. [46], the 
other half comes from the term  which can be interpreted as the contribution of the 
qq~i Fock component of the pion wave function. In a formal pQCD diagrammatics, 
this contribution is represented by graphs containing the gluons coupling to the 
quark line between the photon vertices. For high Q2, such diagrams correspond 
to higher-twist corrections associated with the q G .. .Gq operators. In this sense, 
the result of ref. [46] is equivalent to a nonperturbative constraint on the Q2 —> 0 
limit of such contributions. One can expect tha t the 9 9 7  contribution decreases 
as l /Q 4 or faster for large Q2 since it contains higher twists only. Interpretation 
of this contribution in terms of the qqi  Fock component is restricted to the case 
of real 7 : ref.[46] gives no expression beyond the Q2 =  0 point. In ref. [70] this 
contribution is not included. However, if the terms which double the result for 
Q2 = 0 are not included, it is prem ature to make specific quantitative statem ents 
about the size of subasymptotic corrections in the region of m oderate Q2.
We may also wonder why the formulas (101) and (108) corresponding to two 
attem pts to include the primordial transverse momentum have such a strikingly 
different analytic structure. In particular, the denominator of the integrand of 
Eq.(108) vanishes for kx  =  — xqx  while tha t of Eq.(lOl) is finite for all kx  provided
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tha t qj_ 7̂  0. The answer is very simple: the two expressions imply two different 
definitions of what is longitudinal and what is transverse. Eq. (101) is based on 
the Sudakov decomposition in which the momentum qi of the real photon has only 
the light-cone “plus” component while the momentum p of the pion has only the 
light-cone “minus” component. As a result, the momentum transfer q2 = p -  qi 
in the Sudakov variables is purely longitudinal and has both plus and minus 
components, with q% =  - 2(<?ip). On the other hand, the Brodsky-Lepage formula 
corresponds to the infinite momentum frame in which the plus components of 
qi and p coincide. The plus component of the momentum transfer q2 vanishes 
in this frame, but q2 has a nonzero transverse component qx, with \qx \ = Q or 
ql =  —qx . Evidently, the two frames cannot be obtained from one another by a 
boost. Furthermore, one should not expect a diagram by diagram correspondence 
between the two approaches. The main purpose of imposing the requirement 
q2 =  0 in the light-cone approach is to avoid the Z-graphs. However, in Sudakov 
variables (and in any approach in which q2 has a non-zero plus component) the 
Z-graphs should be added to reproduce the light-cone result (cf.[108|).
Both the approaches [65, 70] discussed above fail to reproduce the Q2 =  0 
value corresponding to the axial anomaly. Our point of view is tha t complying 
with the anomaly constraint should be a minimal requirement for any model of 
subasymptotic effects in the 7*77:° form factor. A maximalist a ttitude is that such 
a fundamental constraint should be satisfied automatically rather than imposed as 
an external condition. This can be only realized in an approach which is directly 
related to QCD and produces anomaly as a consequence of QCD dynamics.
3 .4 .4  Effective wave function and F 7.7ffo(Q2) form factor
A detailed study of the QCD sum rule for the F7-7iro(Q2) form factor was per­
formed in refs.[66, 68]. The results of this investigation are rather close to those 
based on the simple local quark-hadron duality ansatz:
(115)
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Using the explicit expression for pguaTk(s ,Q2)
pquark{s, q2, Q2) = 2  £  5 ( s -  Xt)  d x idx2dx3 ,
(116)
we can write
F j - U Q 2) = A - <-X H l Q % u d s =  , ,  * (117)
tt/tt Jo •'0 [sxx + x Q2]3 tt/^(1 +  Q / sq)
This result coincides with the Brodsky-Lepage interpolation formula (91).
The application of the local duality ansatz in a general situation when both 
photons are virtual was discussed in ref. [67]. The basic formula written in terms 
of the effective wave function is given by
rpLD , , 2  /n2\   2  f  X X { X Q 2 + X q 2) 2 , w 2 ,
Fr r A q > Q )  n f J Q dx J  [A2 +  xq 2 +  i ? 2]3 $  M x ) d k L . (118)
To model wave functions corresponding to DA's different from < s(z). we 
propose to use the sharp cut-off analog of the Gaussian model (102):
LD\ x , k L) — - ^ =  0 (k2± <  x x a ) , (119)
o v 6 xx  '  •
where a  is again the width parameter and p*{x) the desired DA. which satisfies 
the standard /^-normalization constraint (105). To guarantee the anomaly result 
for the 7T° -> 77 rate, we impose the following constraint on the x-integral of 
'f,(i£,)(x, fcj.) at zero transverse momentum
[ l ¥ LD)(x ,k L = 0)dx  =  ^  . (120)
J0 Jn
Substituting the model ansatz (119), we derive from this constraint the condition 
for the standard integral I q
/ ,  =  A / V ( « ) * - 2 2 . ( i2 i)
f i t  J o  X  So
where s0 is the basic combination s0 =  47r2f 2. Taking I§* = 3 and l £ z  =  5, we
fix the width parameters o aa =  s0 and a c z  =  «  1.11 GeV2. Note, tha t in the
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CZ calculation [87], the duality interval was 0.75 GeV’2 for the zeroth moment of 
the DA and 1.5 G eV 2 for the second one; our effective duality interval a c z  for the 
CZ-type DA appears to be the average of these two. Using the ansatz (119) in 
Eq.(118) and integrating over the transverse momentum, we obtain
F iU Q ') 3 Jo x x a 1 -
1
(1 +  x a / Q 2)2 \ -
dx. (1221
This formula has correct limits both for Q2 — 0 and large Q2. For the asymptotic 
distribution amplitude, Eq.(122) produces the expression the Brodsky-Lepage in­









In 1 + - 2
(123)




* f* ( l  +  Q2/ a c z )
between the anomaly value at Q2 =  0 and the pQCD result F^?^q 'c z {Q2) =  
|  (4vrJtt/Q 2) calculated for the CZ distribution amplitude.
Thus, Eqs. (117), (124) model the modification of the basic 70-integral by 
power corrections. On the other hand, the modification of I q by radiative cor­
rections is described by Eqs.(46),(48). Though we obtained these two types of 
modifications in a completely independent way, it is tem pting to combine them  in 
a single expression. A self-consistent, but a rather time-consuming way to do this 
is to calculate the spectral density pquaTk{s,Q2) to two loops and apply the local 
duality prescription. Then both the radiative and power corrections would result 
from the same expression. We leave such a calculation for a future investigation.
In the absence of a completely unified approach, we can try  to get an inter­
polating formula by combining the two independent calculations described above. 
A natural idea is to write all the one-loop diagrams in the 6-representation a la
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modified factorization and then substitute p̂n(x, 1/ 6) by ^ (x , 6) and the Born fac-
reliable behavior in the small-Q2 region where the corrections are dominated by 
power terms. However, changing the structure of the Born factor would affect the
exactly reproduce the pQCD results. Since the perturbative corrections are rather 
small, we expect tha t a self-consistent inclusion of radiative corrections should be
for the case when the pion DA ^ ( x ;  y)  coincides with ^ z (x) for fj, =  Qo. These 
expressions have necessary interpolating properties: in the absence of radiative 
corrections they coincide with the local duality expressions, while for large Q2. 
when the power corrections can be ignored, they reproduce pQCD results. From 
Fig.4, one can see tha t the curves for F™yv0(Q2) and F^.Ẑ 0(Q2) (with Qo ~  
0.5 GeV' [77]) in this model are sufficiently separated from each other which allows 
for an unambiguous experimental discrimination between them.
It is instructive to make a more detailed comparison of the relative size of 
perturbative 0 { a 3) and nonperturbative a / Q 2 corrections. Taking A =  200 MeV,  
we observe th a t the perturbative correction for the asymptotic DA changes the 
lowest-order result by < 30% for Q2 >  0.5 GeV'2. This means th a t the pQCD 
expansion for the lowest-twist term  in this case is self-consistent for Q2 as low 
as 0 .5GeV"2. On the other hand, the power correction So/Q2 exceeds 70% for all 
Q2 < 1 G e V 2. This clearly indicates th a t pQCD results are not reliable below
tor ^ K o ( \ f ^ b Q )  by the modified version \ ^ Q 2b2/G(\/?& Q)• This will give a more
radiative corrections and spoil the results a t the high-Q2 end, where one should
rather close to a simple product of the nonperturbative 1/(1 +  Q2/cr) factors and 
perturbative corrections from Eqs.(46),(48). Such a product gives
(125)
for the asym ptotic form of the pion DA, and
+ 1 +  |Q 2/.s0
1
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1 G eV2. To reduce the ratio s0/Q 2 to the 20% level, one should take Q2 >
3 GeV 2. This is an illustration of the well-known statement (see, e.g., [109]) th a t 
reliability of simplest pQCD formulas is limited in first place by power corrections 
rather than by the increasing value of the QCD running coupling a s{Q2). The 
crucial fact here is tha t the scale s0 «  0.7 G eV 2 determining the deviation from 
the pQCD l / Q 2 behavior is much larger than A2. It is also much larger than 
other typical nonperturbative scales like the square of the constituent quark mass 
A/2 ~  0.1 GeV'2 or the average transverse momenta (&2), (k \ ) LD =  so/10 
0.07GeV2). This observation can be easily explained by the fact that fc2 present 
in the modified Born term  (93) is added to x Q 2 rather than to Q2. This enhances 
the relative size of power corrections by a factor like l / ( x ) .  In full accordance with 
the statem ents made in refs.[96, 97], the onset of the Q2-region where the lowest- 
order pQCD result is reliable (in the sense tha t pQCD gives a good approximation) 
is determined by the size of the average virtuality xQ 2 of the ’‘hard” quark. If its 
value is too small, pQCD is unreliable even if the effective coupling a 3 is negligible 
and perturbation theory for the lowest-twist contribution is self-consistent.
3.5 Conclusions
In this chapter, we discussed the status of QCD-based theoretical analysis of the 
handbag type diagram in the BL regime using as a sample the Frywa(Q2) form 
factor.
As we repeatedly emphasized, in this case one deals with a rather favorable 
situation when QCD fixes both the Q2 =  0 value (dictated by the axial anomaly) 
and the large-Q2 behavior governed by perturbative QCD. Still, constructing a 
dynamically supported interpolation between the two limits, it is very im portant 
to adequately reproduce at moderate Q2 the corrections to the asymptotic pQCD 
result, both perturbative and nonperturbative.
Working within the framework of the standard pQCD factorization approach 
(SFA), which allows one to unambigously separate the contributions having dif­
ferent power-law behavior at large Q2, we gave a detailed analysis of the one-loop
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coefficient function for the leading twist-2 contribution. To explore the role of 
the transverse degrees of freedom, we wrote the relevant Feynman integrals in 
the Sudakov representation and showed how the SFA produces the basic building 
blocks of the modified factorization approach (MFA) [73], such as the Sudakov- 
type double logarithms In2 (b) with respect to the impact param eter b± which is 
Fourier-conjugate to the transverse momentum kx . The fact th a t we derived the 
Sudakov effects within the lowest-twist contribution of the SFA, explicitly demon­
strates tha t they should not be confused with the higher-twist effects. In other 
words, though the Sudakov terms are given by integrals over bj_ (or k L), they 
are purely perturbative and do not produce power corrections to the lowest-order 
pQCD result.
Furthermore, we observed that the power corrections l / Q 2 due to the intrinsic 
transverse momentum are rather elusive both within the O PE-type factorization 
and the light-cone approach of Brodsky and Lepage. Contrary to naive parton 
expectations, the simplest handbag-type diagram in both cases does not produce 
an infinite tower of (1 / Q 2)n terms: such a series is generated by contributions 
corresponding to physical (transverse) gluons em itted from the hard propagator 
connecting the photon vertices. It goes without saying tha t an explicit summation 
of such terms is a formidable task in both of these approaches. A simpler picture 
emerges within the QCD sum rule approach in which the infinite sum over the soft 
parts of the qG . . .G q  Fock components is dual to the qq states generated by the 
local axial current. An important observation establishing the connection between 
the QCD sum rule and light-cone approaches is th a t integrating the invariant mass 
s of the qq-pair over the pion duality interval 0 < s < sq is equivalent to using the 
effective two-body wave function 'i<LD(x,k_L). The result obtained from the local 
quark-hadron duality (LD)  ansatz applied to the lowest-order triangle diagram 
coincides with the Brodsky-Lepage interpolation formula [47], i.e., it reproduces 
both the Q2 = 0 value specified by the axial anomaly and the high-Q2 pQCD 
behavior with the normalization corresponding to the asymptotic distribution 
am plitude for the pion. To test the sensitivity to the shape of the pion distribution 
amplitude, we proposed a model for the effective wave function '&LD(x, kj_) which
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reduces to the desired DA after the /cx-integration and still provides the correct 
limits for the form factor both  a t low and high Q2.
In our analysis, the regions of small and large transverse momenta (responsible 
for power l / Q 2 and a s corrections, respectively) were studied separately, within 
the frameworks of two different approaches. In spite of this, the basic results writ­
ten in terms of the kx-integrals look rather similar. A major challenge for a future 
study is the construction of a unified approach in which both the nonperturbative 
power-suppressed terms and the perturbative radiative corrections emerge from 
the expansion of the same expression. The quark-hadron duality approach pro­
vides a framework in which such a self-consistent unification is guaranteed. The 
only missing ingredient is the perturbative spectral density pquark{s ,Q2) at the 
two-loop level.
There are two further improvements which should be made in the perturba­
tive part of the problem. First, it is necessary to fix the argument of the running 
coupling constant a s. In our analysis, we either left it unspecified and estimated 
the corrections assuming tha t a 3/ir «  0.1 or took A =  200:V/eV' in the 1-loop 
expression for a„(Q2). However, for a precise comparison with experimental data, 
estimating the magnitude of the a s-correction one should explicitly specify the 
UV  renormalization scheme, fix the parameter p r  in the argument of the running 
coupling a s(pn) and use the proper value of the QCD scale A. A very effective 
scale-fixing prescription is provided by the Brodsky-Lepage-Mackenzie approach 
[114]. To use the BLM prescription, one should calculate two-loop pQCD correc­
tions to the coefficient function containing quark loop insertions into the gluon 
propagator. Another problem is the inclusion of the effects due to the two-loop 
evolution of the pion distribution amplitude [115, 116, 117]. Originally, the rele­
vant corrections expanded in terms of a few lowest eigenfunctions of the one-loop 
kernel, were found to be tiny [50]. A recent progress [118] in understanding the 
structure of the two-loop evolution suggests that higher harmonics cannot be ne­
glected, and the size of the two-loop evolution corrections is somewhat larger than 
estim ated in [50]. However, our preliminary numerical estimates [119] of the effects 
due to the modified evolution developed in ref. [120] do not indicate appreciable
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changes for the /-integral.
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FIG. 6: Combination \J2Q2FV l „o(Q2)/ 47r (measured in GeV  and equivalent to 
Q2F7.77ro(<3 2), with the form factor F7-7Xo(Q2) normalized according to definition 
adopted in refs.[65, 70, 82]) as a function of Q2. The lower curve corresponds to 
our model with the asymptotic DA 125 and the upper one is based on Eq.126. 
D ata are taken from CELLO collaboration publication [58]. Preliminary CLEO 
data  [59] (not shown) are very close to the lower curve.
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Chapter 4
Evolution of Non—Forward 
Distributions
4.1 Introduction
Applications of perturbative QCD to deeply virtual Compton scattering (DVCS)
1 and hard exclusive electroproduction processes [121, 122, 123, 124. 125] involve 
non-forward matrix elements (p— r | 0 (0, z) \ p) \ ,2=0 of quark and gluon light-cone 
operators. They can be parameterized by two basic types of nonperturbative func­
tions. The double distributions (DDs) F(x .y ; t )  [122, 123, 126, 127] specify the 
Sudakov light-cone “plus” fractions xp+ and yr* of the initial hadron momen­
tum p and the momentum transfer r carried by the initial parton2 Treating the 
proportionality coefficient (  as an independent parameter one can introduce an 
alternative description in terms of the non-forward parton distributions (NFPDs) 
!F^(X\t) with X  =  x  + y(, being the total fraction of the initial hadron momen­
tum  taken by the initial parton. The shape of NFPDs explicitly depends on 
the parameter £ characterizing the skewedness of the relevant non-forward m atrix 
element. This parameterization of non-forward m atrix elements by ^ { X - . t )  is
^ h e  DVCS imlpies that the initial photon has sufficiently large virtuality Q2 >  1.5GeV2, 
with fixed value of the Bjorken variable xBj =  Q2/2pq
2The “plus” and “minus” light -  cone directions are defined (neglecting the nucleon mass) 
as Lorentz vectors with the components p± =  (p ,0,0,±p).
60
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similar to tha t proposed by X. Ji [121] who introduced off-forward parton dis­
tributions (OFPDs) H{x,£;t )  in which the parton momenta and the skewedness 
parameter £ =  r +/2 P + are measured in units of the average hadron momentum 
P  =  (p + p ') /2 . OFPDs and NFPDs [123, 124] can be treated as particular forms 
of skewed parton distributions (SPDs). One can also introduce the version of 
DDs (“q-DDs” [127]) in which the active parton momentum is written in terms 
of symmetric variables k =  x P  +  (1 +  a)r/2 .
In our approach, DDs are primary objects producing SPDs after an appropriate 
integration. In refs. [126, 127] it was shown tha t using the the support and 
symmetry properties of DDs, one can easily establish im portant features of SPDs 
such as non-analyticity at border points X  = C,0 [or x =  ±£], polynomiality of 
their X N and x N moments in skewedness param eters £ and £, etc.
The physical interpretation of DDs F (x , y ;t = 0) [or / (x ,  a ; f  =  0) ] and 
their relation to the usual parton densities f ( x )  suggests that the x-profile of 
DDs F (x , y), / ( x ,  a ) is driven by the shape of f ( x )  while their y or a-profile is 
analogous to the shape of two-body distribution amplitudes like [y(l — x -  y)]n. 
[(1 -  x )2 -  a 2]n. Fixing the profile param eter n gives simple models [126. 127] for 
DDs which can be converted into models for SPDs.
In the present chapter, our main goal is to study the self-consistency of these 
models with respect to the pQCD evolution. In Section 4.2, we briefly review the 
basic elements of the formalism of double distributions, discuss their support and 
symmetry properties and relation to usual parton densities. In Section 4.3. we 
describe factorized profile models for double distributions and give explicit model 
expressions for skewed distributions. In Section 4.4 we consider a practically im­
portant case when skewedness parameters £ or £ are small. The factorized models 
for DDs in this case can be taken in a very simple form /(x ,  a ; t =  0) =  /(x )p (a ) , 
where p(a) is a normalized profile function. As a result, SPDs F<;{X) (or H(x,  £)) 
in this model are obtained by averaging the relevant forward distribution /(x )  
over the interval {X  — £, X )  [or (x — £, x +  £)] with the weight p(a) (we use the 
convention [127] th a t “tilded” parton distributions are those defined on the (—1,1) 
interval). In Section 4.5, we study the impact of the pQCD evolution on the profile
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function p(a). Since the a-DDs are hybrids which look like usual parton densi­
ties wrt x  and like distribution amplitudes wrt a , the simplest renormalization 
properties a t one loop have the combined x mC f /2+m(a) moments of / ( x ,a ) .  As 
a result, independently of the initial condition, under the pQCD evolution, the 
a-profile of the x n moment / n(a) of the a-DD f ( x ,  a ) under the pQCD evolution 
asymptotically tends to (1 -  a 2)"'4' 1. We investigate the model in which / n(a) are 
given by their asymptotic form and show that it imposes a remarkable correla­
tion f ( x , a )  =  F ( x / (  1 -  a 2)) between the x-dependence of the a-DDs and their 
a-profile. To study the impact of pQCD evolution on the DD based models of 
SPDs, we perform an explicit numerical evolution of SPDs. In Section 4.6. we 
describe a simple algorithm for the leading-log evolution of SPDs based on direct 
iterative convolutions of evolution kernels Z)  with SPDs F^(Z).  In section
4.7, we discuss the results of our numerical calculations. In Appendix A, we show 
that the approximation (used in Ref. [128]) in which the Gegenbauer moments of 
SPDs do not depend on skewedness, is equivalent to the asymptotic profile model 
for DDs. In Appendix B, we present explicit form of evolution equations for SPDs 
used in our numerical calculations.
4.2 Double Distributions
In the pQCD factorization treatm ent of hard electroproduction processes, the 
nonperturbative information is accumulated in the non-forward m atrix elements 
(p -  r | 0 (0 , z) | p) of light cone operators 0 (0 , z). For z2 =  0 the m atrix elements 
depend on the relative coordinate z through two Lorentz invariant variables {pz) 
and (rz). In the forward case r  =  0, one obtains the usual quark helicity-averaged 
densities by Fourier transforming the relevant m atrix element with respect to (pz)
(p. s' | i/)q(0)z£'(0, z; A)'ipa(z) | p, s) \ z2 =0 =
( 1 2 7 )
u(p, s')zu(p, s ) J  -  e“ U“ > /» to ) d x ,
where ^ (0 , z;.4) is the gauge link, u(p ' , s'),u(p, s) are the Dirac spinors and we 
use the notation 7Qza = z. In the non-forward case, we can use the double Fourier
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representation with respect to both (p z ) and (r z ) [123]:
{p\ s' | ipa(Q)zE(Q, z : A)ipa{z) | p, s) 122=0
= u(p' ,s ')zu{p,s) J  dy J  e~tx[pz)~iy(rz) Fa(x. y; t) 0(0 < x  4- y < 1) dx (128) 
+  ”0 (r )—terms” .
where the “0 (r)-term s” stands for contributions vanishing in the r —> 0 limit. 
For any Feynman diagram, the spectral constraints —l < x < l , 0 < y < l ,  
0 <  x + y < 1 were proved in the a-representation [123] using the approach of 




FIG. 7: a) Support region and symmetry line y =  x /2  for y-DDs F(x ,y \ t ) .  b) 
Support region for a-DDs f ( x , a ) .
Taking the r  =  0 limit of Eq. (128), one obtains “reduction formulas” relating 
the double distribution Fa(x, y;t  = 0) to the quark and antiquark parton densities
/•l-i .  ri .
J Fa(x, y \ t  =  0) |r>0 dy =  / a(x) ; Fa{x, y \ t  =  0) |I<0 dy = - f a { ~ x )  .
(129)
Hence, the positive-x and negative-x components of the double distribution 
F q(x , y; t) can be treated as non-forward generalizations of quark and antiquark 
densities, respectively. If we define the “untilded” DDs
Fa(x ,y , t )  = Fa(x,y-, t)|I > 0 ; Fa(x, y; t) =  - F a( - x ,  1 -  y; t) |x<0, (130)
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then x  is always positive and the reduction formulas have the same form
/  ^a,a(z,y ;t =  0)|x*ody =  f a A x ) (131)Jo
in both cases. The new distributions both “live” on the triangle 0 < x, y < 1, 0 < 
£ +  y <  1. Taking z in the light-cone “minus” direction, we arrive at the parton 
interpretation of functions Fâ ( x , y , t )  as probability amplitudes for an outgoing 
parton to carry the fractions xp+ and y r+ of the external momenta r and p. The 
double distributions F(x,  y; t) are universal functions describing the flux of p+ and 
r + independently of the ratio r+/p +.
x p + y r  j  i x p - ( l - y
J - L
xP + {  l+ a ) r /2
P + r /2
c) d)
FIG. 8: a) Parton picture in terms of y -  DDs; b, c) meson- like contributions; d) 
parton picture in terms of a-DDs.
The functions F ( x ,y , t )  may have singular terms a t x  =  0 proportional to 
5(x) or its derivative(s). Such terms would have no projection onto the usual 
parton densities. We will denote them  by FM{x,y;t)  — they may be interpreted 
as coming from the t-channel meson-exchange type contributions (see Fig.8b).
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To make the description more symmetric with respect to the initial and final 
hadron momenta, we can treat non-forward m atrix elements as functions of (Pz)  
and (rz), where P  =  {p + p')/2 is the average hadron momentum. The relevant 
double distributions / Q(x, a ; t) [which we will call a-DDs to distinguish them from 
y-DDs F (x , y ;£)] are defined by [130, 127]
{p'\Tpa{-z/2)Z'lPa{z/2)\p)
= u(p')zu(p) [  dx [  e- lI(Pz)_'Q(ri,/2/ a(x, a; £) da  +  “O (r) —terms” .
7—1 7-i+ |i|
(132)
The support area for f a(x ,a; t )  is shown in Fig.7b. Again, the usual forward 
densities f a{x) and / a(x) are given by integrating / Q(x ,a ;  t =  0) over vertical 
lines x  =  const for x > 0 and x < 0, respectively. Due to hermiticity and time- 
reversal invariance properties of non-forward m atrix elements, the a-DDs are even 
functions of a :
/ a(x, a ; t) =  /a(x , a ; t ) .
For our original y-DDs Fa<i(x ,y \ t ) ,  this corresponds to the “Munich” symmetry 
with respect to the interchange y <-> 1 -  x -  y established in Ref. [131]. The 
a-quark contribution into the flavor-singlet operator can be parameterized either 
by y-DDs Pas (x, y; t) or by a-DDs / a (x, a  ; t). The latter are even functions of a  
and odd functions of x:
/ f ( x ,a ;£ )  =  { /„ ( |x |, |a |;£ )  +  / a( |x |,|a |;£ )} sig n (x ) +  / f r (x .a ;£ ) . (133)
The valence quark functions (x, a ; t) are even functions of both a  and x:
fa (x, a ; t) =  /a (|x |, |a |; t) -  / a(|x |, |a |;  t) + / J ( x ,  a; t) . (134)
It is convenient to define the gluonic a-D D  f g(x, a;£) in such a way th a t its 
integral over a  for t = 0, also gives the usual forward gluon density f g{x):
(P -  r/21 2„ ^ G ;q{ - Z/2 ) £ i1, ( - 2/2 , j/2 ; A)Gbm { z /2) | P  +  r /2 )  i <1=0 
=  u{p')zu(p) (z ■ P) xdx / , ( i ,  a; t) da (135)
+  “0 (r) — te rm s" .
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The gluon SPD H G(x ,f ;  p.) is constructed in this case from x f g(x, a; t). Just like
4.3 Models for Double and Skewed Distribu-
The reduction formulas and interpretation of the x-variable as the fraction of p 
(or P)  momentum suggest th a t the profile of F (x ,y ) (or / ( x ,a ) )  in x-direction 
is basically determined by the shape of /(x ) . On the other hand, the profile in y 
(or a ) direction characterizes the spread of the parton momentum induced by the
where h(x,a)  is an even function of ct normalized by
/ h(x,  a ) da  =  1. (137)
J- l  + \x\
We may expect tha t the a-profile of h(x .a )  is similar to th a t of a symmetric 
distribution amplitude (DA) <̂ >(a). Since |a | < 1 — |x|, to get a more complete 
analogy with DA’s, it makes sense to rescaled a  as a  =  (1 — \x\)3 introducing 
the variable 3  with x-independent limits: — 1 < /3 < 1. The simplest model is 
to assume that the profile in the /3-direction is a universal function g(3)  for all 
x. Possible simple choices for g(3) may be 6(3) (no spread in /3-direction), |(1  -  
3 2) (characteristic shape for asymptotic limit of non-singlet quark distribution 
amplitudes), | |( 1  - /3 2)2 (asymptotic shape of gluon distribution amplitudes), etc. 
In the variables x, a , this gives
the singlet quark distribution, the function / G(x, a ; t )  is an odd function of x.
tions
momentum transfer r. In particular, since the a-DDs /(x , a ) are even functions 
of a , it make sense to write
f ( x , a )  = h(x,  a ) f ( x ) . (136)
h(00)( ^ a )  =<5(a) , /i(1)(x, a ) =  ^
3 (1 -  |x |)2 — a 2
4 ( l - | x | ) 3  ’
(138)
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These models can be treated as specific cases of the general profile function
A<»)(x a ) =  1 1 3 " . t 2> .. l( j - M ) 2 -  c 2]" , .
> ’ < 22n+T 2(n +  1) ( l - | x | ) 2"+i ' U '




FIG. 9: Integration lines for integrals relating SPDs and DDs.
The coefficient of proportionality C =  r +/p + (or £ =  r* /2 P ^ )  between the 
plus components of the momentum transfer and initial (or average) momentum 
specifies the skewedness of the m atrix elements. The characteristic feature implied 
by representations for double distributions [see, e.g., Eq.(128)] is the absence of 
the ^-dependence in the DDs F{x,y)  and ^-dependence in f ( x , a ) .  An alternative 
way to parameterize non-forward m atrix elements of light-cone operators is to 
use £ (or £) and the total momentum fractions X  =  i  +  y ( (or x =  x +  £a) 
as independent variables. Integrating each particular double distribution over y 
gives the non-forward parton distributions
F l {X )  = f  dx [  5(x + ( ; y - X ) F i ( x ,  y )dy  (140)
Jo Jo
f X / t  r x / t
= 0 ( X > Q  /  F i ( X - y < ; , y ) d y  + 6 ( X  < Q  /  F{( X  -  y ^ y )  d y .
Jo Jo
where £ =  1 — The two components of NFPDs correspond to positive ( X  > £) 
and negative ( X  < ()  values of the fraction X '  =  X  — Q associated with the
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“returning” parton. As explained in refs. [122, 123], the second component can 
be interpreted as the probability amplitude for the initial hadron with momentum 
p to split into the final hadron with momentum (1 -  Qp  and the two-parton state 
with total momentum r =  Qp shared by the partons in fractions Y r  and (1 -  Y)r ,  
where Y  = X/Q.
The relation between “untilded” NFPDs and DDs can be illustrated ou the 
“DD-life triangle” defined by 0 <  x, y,  x + y <  1 (see Fig.9a). Specifically, to 
get Tc,(X),  one should integrate F (x , y ) over y along a straight line x  = X  -  Qy. 
Fixing some value of C, one deals with a set of parallel lines intersecting the x-axis 
at x =  -V. The upper limit of the {/-integration is determined by intersection of 
this line either with the line x + y = 1 (this happens if AT > Q  or with the y-axis 
(if AT < ()• The line corresponding to X  =  C separates the triangle into two parts 
generating the two components of the non-forward parton distribution.
In a similar way, we can write the relation between OFPDs H(x,£;  t) and the 
a-DDs / ( x ,a ; t )
rl fl-lil
H(x,  £ ; t ) = /  dx 6 (x +  £a  -  x) /(x . a : t) da  . (141)
J- l  J — l4*|x|
We use here the tilded notation H(x,  to emphasize that OFPDs as defined 
by X. Ji [121] correspond to parameterization of the non-forward m atrix element 
by a Fourier integral with a single common exponential. The delta-function in 
Eq.(141) specifies the line of integration in the (x, a} plane. For definiteness, we 
will assume below th a t £ is positive.
Information contained in SPDs originates from two physically different sources: 
meson-exchange type contributions f £ f (X)  coming from the singular x =  0 parts 
of DDs and the functions F “(A ), F *(A ) obtained by scanning the x /  0 parts 
of DDs F a(x, y), F a(x, y). The support of exchange contributions is restricted to 
0 < X  < C- Up to rescaling, the function F ^ ( X )  has the same shape for all For 
any non-vanishing A , these exchange terms become invisible in the forward limit 
C -> 0. On the other hand, the support of functions F “(A), F a(A) in general 
covers the whole 0 <  A  <  1 region. Furthermore, the forward limit of such SPDs 
as F £’a(A) is rather well known from inclusive measurements. Hence, information
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contained in the usual (forward) densities / “(x), / a(x) can be used to restrict the 
models for F ?( X) ,  F?( X) .
Let us consider SPDs constructed using simple models of DDs specified in 
Section 4.3. In particular, the model / (oo)(x, a )  =  5(a) f (x )  (equivalent to 
F (oo)(x,y) =  5(y — x /2 ) / (x ) ) , gives the simplest model i f (oo)(f, f =  0) =  f ( x )  
in which OFPDs at i = 0 have no ^-dependence. For NFPDs this gives
i.e., NFPDs for non-zero £ are obtained from the forward distribution f ( X )  =  
•7^=0 (-Y) by shift and rescaling.
In case of the n =  1 and n =  2 models, simple analytic results can be obtained
only for some explicit forms of f (x ) .  For the “valence quark1’-oriented ansatz
/ (1)(x .q ), the following choice of a normalized distribution
/<ll(I) = ^ r ^ j I“ (1 _ -I)3 (143)
is both close to phenomenological quark distributions and produces a simple ex­
pression for the double distribution since the denominator (1 -  x )3 factor in Eq. 
(138) is canceled. As a result, the integral in Eq. (141) is easily performed and 
we get
^  C1 -  t )  {[(2 -  a)?(i  -  £ ) ( ! ? - “ +  x l —)
* V 4 /  (144)
+ (£2 -  x)(x2_a -  x \~a) Q(x) -t- (x —> —x) j
for |x| > f  and
?)lw<( = 3̂ (l - 1) R “K2 - “)«(l - *) + (f2 - *)1 + -  -*)}
(145)
in the middle — £ <  x <  £ region. We use here the notation xi =  (x +  0 / ( 1  +  0  
and xi  =  (x —£ ) /( l  —£) [132]. To extend these expressions onto negative values of 
£, one should substitu te  £ by |f |. One can check, however, tha t no odd powers of 
|£| would appear in the x N moments of H i v (x, £). Furthermore, these expressions 
are explicitly non-analytic for x =  ±£. This is true even if a is integer.
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FIG. 10: Valence quark distributions: untilded NFPDs F£(x) (left) and OFPDs 
Hy(x,f;)  (right) with a =  0.5 for several values of (  0.1, 0.2, 0.4, 0.6, 0.8 and 
corresponding values of £ =  £/(2 — 0 -  Lower curves correspond to larger values 
ofC-
For a =  0, the x  > £ part of OFPD has the same x-dependence as its forward 
limit, differing from it by an overall ^-dependent factor only:
f f ll ' ( i ,O l . r f  =  4 ^ ^ » ( | i | > « )  + 2 i i ^ ^ 0 ( | x | < < ) .  (146)
The (1 -  |x |)3 behavior can be trivially continued into the |x| < £ region. However, 
the actual behavior of H w [x, Ola=o in this region is is given by a different function. 
In other words, H lV (x, £)la=o can be represented as a sum of a function analytic 
at border points and a contribution whose support is restricted by |x |,£ . It should 
be emphasized tha t despite its DA-like appearance, this contribution should not 
be treated as an exchange-type term. It is generated by regular x  ^  0 part of DD. 
and, unlike ip(x/£)/£ functions changes its shape with £ becoming very small for 
small £.
For the singlet quark distribution, the a-DDs / s (x ,a ) should be odd func­
tions of x. Still, we can use the model like (143) for the x >  0 part, bu t take 
f s {x,a) \Xj±o =  A / (1)( |x |,a )s ig n (x ). Note, tha t the integral (141) producing 
H s (x,£)  in the |x| <  £ region would diverge for a  —► x/£  if a > 1, which is 
the usual case for standard parameterizations of singlet quark distributions for 
sufficiently large Q2. However, due to the antisymmetry of / 5 (x, a) wrt x —> —x
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FIG. 11: Singlet quark distributions: tilded NFPDs F^(x)  (left) and OFPDs 
Hs( i ,  0  (right) for several values of C 0.2, 0.4, 0.6 and corresponding values of 
£ =  C/(2 — C)• Lower curves correspond to larger values of (• Forward distribution 
is modeled by (1 -  x )3 jx.
and its symmetry wrt a  —> - a ,  the singularity at a  =  x /£  can be integrated 
using the principal value prescription which in this case produces the x  —> - x  
antisymmetric version of Eqs.(144) and (145). For a =  0, its middle part reduces 
to
3£2 -  2x2£ -  x2
H ls{x,Z) ||*i<(,a=o =
S3( l + 0 2
(147)
4.4 SPDs at Small Skewedness
To study the deviation of skewed distributions from their forward counterparts 
for small £ (or £), let us consider the x >  £ part of H(x.t;)  [see Eq.(141)] and 
expand it in powers of £:
1 /■(!-*) a 2/(x ,Q )
2 J- (1-x
\  da
(i i) dx 2
—  2 -
a da
+ ( l - x ) 2
dx Q—1—i-
(148)
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where /(x )  is the forward distribution. For small £, the corrections are formally 
0 (£ 2). However, if / (x ,  a ) has a singular behavior like x~a, then
d 2 f { x , a )  a( l  + a)
~ d & -------------
and the relative suppression of the first correction is 0 (£ 2/x 2). Though the cor­
rections are tiny for x 3> £, in the region x ~  £ it has no parametric smallness. It 
is easy to write explicitly all the terms which are not suppressed in the x ~  £ —> 0 
limit
=  E ( W / - .  9  a 2 t d a + --- = j U ( i - ( o , , a ) d a + . . .  . (149)
where the ellipses denote the terms vanishing in this limit. This result can be 
directly obtained from Eq. (141) by noting tha t for small x,  we can neglect the x- 
dependence in the limits ±(1 — |x|) of the a-integration. Furthermore, for small x 
one can also neglect the x-dependence of the profile function h{x,a)  in Eq. (136) 
and take the model f ( x , a )  = / (x )p(a)  with p(a) being a symmetric normalized 
weight function on — 1 <  a  < 1. Hence, in the region where both x and £ are 
small, we can approximate Eq. (141) by
Ff(x; £) =  “‘P ” J  / ( x  — ^oc)p{oc) den (150)
i.e., the OFPD H (x;£) is obtained in this case by averaging the usual (forward) 
parton density /(x )  over the region x - £  < x < x + £  with the weight p(a).  The 
principal value prescription “P” is only necessary in the case of singular quark 
singlet distributions which are odd in x. In terms of NFPDs, the relation is
j< (X ) =  “P ” S(X -  C(1 +  a)/2)p(a)  da + . . . ,  (151)
i.e., the average is taken over the region X  — £ <  x < X .
In fact, for small values of the skewedness parameters Eqs. (150), (151) 
can be used for all values of x and X :  if x £, Eq. (150) gives the correct result 
tf(x ;£ ) = f ( x )  + 0 (£ 2). Hence, to get SPDs at small skewedness, one only needs 
to know the shape of the normalized profile function p(a).
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The imaginary part of hard exclusive meson electroproduction amplitude is 
determined by the skewed distributions a t the border point. For this reason, the 
magnitude of ^ (C )  [or # (£ , £)] and its relation to the forward densities f ( x )  has 
a practical interest. This example also gives a possibility to study the sensitivity 
of the results to the choice of the profile function. Assuming the infinitely narrow 
weight p(a) = <5(a),  we have ^ ( X )  =  / ( X  — C/'2)-h... and H ( x , £) =  f {x) .  Hence,
both and # (£ > 0  are given by / ( x s j / 2) since C =  XBj and £ =  XBjj2 + __
Since the argument of f ( x )  is twice smaller than in deep inelastic scattering, this 
results in an enhancement factor. In particular, if f ( x )  ~  x~a for small x.  the 
ratio 72.(0 =  is 2a . The use of a wider profile function p( a ) produces
further enhancement. For example, taking the normalized profile function
n  ( n , \  =  r ( n  +  3 / 2 ) M -  r w V  -  r ( 2 n  +  2 ) , _  2 \ n
P"( ) “  r ( l /2)r(n + l ) (  ̂ 22n+ir2(n + 1) ^ (152)
and f ( x )  ~  x Q we get
-(n)
®(«>rn =  ^  (C) =  r(2n +  2 ) r ( n - q + l )  
/(C) f(2n — a 4- 2)T(n +  1)
(153)
which is larger than 2“ for any finite n and 0 <  a < 2. The 2“ enhancement 
appears as the n -> oo limit of Eq.(152). For small integer n, Eq.(152) reduces to 
simple formulas obtained in refs. [126, 127]. For n =  1. we have
i , , , , ,
m  (1 -  a/2)(l -  0/3) ’ u0'*'
which gives the factor of 3 for the enhancement if a =  1. For n =  2, the ratio 
(152) becomes
^ n r i l ( Q  _____________ i_____________/(C) (1 -  o/3)(l -  0/4U1 -  ffl/5) ’ 1001
producing a smaller enhancement factor 5/2 for a =  1. Calculating the en­
hancement factors, one should remember th a t the gluon SPD X ) reduces to 
X f g ( X )  in the C =  0 limit. Hence, to get the enhancement factor corresponding 
to the f g(x) ~  x~x small-x behavior of the forward gluon density, one should take
a =  A — 1 in Eq.(152), i.e., despite the fact tha t the 1 / x  behavior of the singlet
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quark distribution gives the factor of 3 for the ratio, the same shape of
the gluon distribution results in no enhancement.
Due to evolution, the effective param eter a characterizing the small-x behavior 
of the forward distribution is an increasing function of Q2. As a result, for fixed 
n, the 7£(n)( 0  ratio increases with Q2. In general, the profile of / ( x , a )  in the 
a-directicn is also affected by the pQCD evolution. In particular, in ref. [126] it 
was shown tha t if one takes an ansatz corresponding to an extreme profile function 
p(a) 5(1 +  a ) (violating the m andatory a  —> —a  symmetry), the shift of the 
profile function to a more symmetric shape is clearly visible in the evolution of the 
relevant SPD. In the next section, we will study the interplay between evolution 
of x and a  profiles of DDs.
4.5 QCD Evolution and Profile of DDs
Both the shape of the forward distributions /(x ;  p) reflected in the x-dependence 
of the DDs /(x ,  a; /z) and their profile in the a-direction are affected by the pQCD 
evolution. At the one-loop level, the solution for QCD evolution equations is 
known in the operator form [133], so th a t choosing specific m atrix elements one 
can convert the universal solution into four (at least) evolution patterns: for usual 
parton densities ((p \ . . .  \p) case), distribution amplitudes (0 | . . .  |p) case), skewed 
and double parton distributions {{p — r | . . . |p) case). Since all the types of the 
pQCD evolution originate from the same source, one may expect an interplay 
between the x- and a -  aspects of the DDs evolution.
In the simplest case of flavor-nonsinglet (valence) functions, the multiplica- 
tively renormalizable operators were originally found in Ref. [134]
O ™  =  (zd+)n rPXaz C 3J 2(z D /zd+)rp . (156)
In contrast, the usual operators ip\az(z  D )nU mix under renormalization with the
— t~~y
lower spin operators (zd+)n~kip\az{z D)kU. The symbolic notation (2 D / z d .f ) 
with D = D  — D  , d+ =£) +  D = d  +  d  and C ^ 2(q) being the Gegenbauer 
polynomials is borrowed from Ref. [134]. In Ref. [134] it was also noted that
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these operators coincide with the free-field conformal tensors. As pointed out in 
Ref. [123], the multiplicative renormalizability of the 0%s operators means that 
the Gegenbauer moments
c!!s(ii,ri = eJ'c3*wi)n’,sM li)dz (is?)
of the skewed parton distribution H NS(z. ij) have a simple evolution [123]:





where 30 =  11 -  \ N f  is the lowest coefficient of the QCD (3-function and 7n's 
are the non-singlet anomalous dimensions [135, 136]. Going from SPDs to DDs. 
writing the SPD variable x in terms of DD variables x =  x  4- a£  and using
+ «> =  t  ( 2 l / ? r ' c ' ■ (159)
one can express the Gegenbauer moments Cn (£,//) in terms of the combined [x- 
ordinary ® a-Gegenbauer] moments of the relevant DDs:
C s (£,/x) =  J ^ 2* C  dx r *  2n- 2fc- ^ - ~ -2^ +  - //2)
" t o  J - 1 i -M x ,  r ( 3 / 2 ) ( n  -  2k)\ (16Q)
x x n~2 kC ^ n~2 k{a) / A5(x, a; h) d a .
Hence, each x rnCi3/2+m(a) moment of f NS(x,a; /i) is multiplicatively renormaliz- 
able and its evolution is governed by the anomalous dimension 7i+m [123. 126]. 
In Eq. (160), we took into account tha t a-DDs / ( x ,a )  are always even in a . 
which gives an expansion of the Gegenbauer moments in powers of £2. In the 
non-singlet case, the Gegenbauer moments Cn(£,/z) are nonzero for even n only. 
A similar representation can be written for the Gegenbauer moments of the singlet 
quark distributions. In the latter case, the DD / s (x, a ) is odd in x, and only odd 
Gegenbauer moments C^(£, //) do not vanish.
Another simple case is the evolution of the gluon distributions in pure glu- 
odynamics. Then the multiplicatively renormalizable operators with the same 
Lorentz spin n  + 1 as in Eq. (156) are
OS = z ^ z d ^ G ^ C ^ z  D /zd+)  G„„. (161)
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Due to the symmetry properties of gluon DDs, only Gegenbauer moments
Ai) =  r _1 £  C ^ ( z / 0  H g (z , e  M) (162)
with odd n  do not vanish. The Gegenbauer moment can also be w ritten in terms 
of DDs:
f G ( c  . , \_____ 1)/2] c 2k  c l  J r  r l  —!zl o n —"2fc— 1 T f n —2fc-t-3/2)
‘- ' n V S ' M i  2-*k=0 J - l  a x  J - l  +  | i |  1  r ( 5/ 2 ) ( n —2f c - 1)!
(163)
x x n~2 kC 2 fc2 +n~2 k{ct) f G(x, a) da.
Two shifts: n -> n —1 and 3 /2  —> 5/2 in some sense compensate each other. Again, 
each combined xmCf'/2+m(a) moment of / G(x, a) is multiplicatively renormaliz- 
able and its evolution is governed by the anomalous dimension ~{GGm [123. 126].
Since the Gegenbauer polynomials C f / 2 +m(a) are orthogonal with the weight 
(1 -  a 2)m+I, evolution of the xm-moments of DDs in both cases is given by the 
formula [126]
fm{ot : /i) =  f l i X mf ( x , a ;  n ) d x
(164)
= (1 -  a 2 r * ‘ z  [log(/i/A)r*'"‘' l/J° .
jfc=0
where the coefficients .4m/ are proportional to xmC,3/2+m(a) moments of DDs. 
A similar representation holds in the singlet case, with [log(/i/A)]-7m~‘/io sub­
stitu ted by a linear combination of terms involving [log(/i/A)]“”rm̂ '/J° and 
[log(Ai/A)]-7m*‘̂ 0 with singlet anomalous dimensions 7*+( obtained by diago- 
nalizing the coupled quark-gluon evolution equations [126].
The anomalous dimensions 7n increase with raising n, and, hence, the m th 
x-moment of /(x , a ; //) is asymptotically dominated by the a-profile (1 — a 2)"1'*'1. 
Such a correlation between x- and a-dependences of / (x , a ; /j,) is not something 
exotic. Take a DD which is constant in its support region. Then its x^-m om ent 
behaves like (1 — |a |) m+1, i.e., the width of the a  profile decreases with increasing 
n. This result is easy to understand: due to the spectral condition |a | <  1 — |x|, 
the x m moments with larger m  are dominated by regions which are narrower in 
the a-direction.
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These observations suggests to try  a model in which the moments / m(a; /j.) have 
the asymptotic (1 — a 2)m+1 profile even a t non-asymptotic fj,. This is equivalent to 
assuming tha t all the combined moments x mCf^2+m(a) with I > 0 vanish. Note 
tha t this assumption is stable wrt pQCD evolution. Since integrating f m(&; p) 
over a  one should get the moments f m(p) of the forward density f i x :  u).  the DD 
moments / m(a; p) in this model are given by
P) =  Pm+ii®-) fm(p)  (165)
where pm+1(a) is the normalized profile function (cf. Eq.(152). In an explicit 
form:
/ _ . ^ ^  ) i (1 - q 2)" + ‘ L A ™  - (166)
In this relation, all the dependence on a  can be trivially shifted to the lhs of this 
equation, and we immediately see tha t f ( z ,  a ; (j.) in this model is a function of 
x / ( l  — a 2):
f ( x ,  a ; n) = F(x / {  1 -  a 2); /z) 0(0 < x / ( l  -  a 2) < 1). (167)
A direct relation between and F(u\jj.) can be easily obtained using the
basic fact th a t integrating / ( x ,q ;  /i) over a  one should get the forward density 
/(z ,/ j) ;  e.g., for positive z we have
S [ z ) ~ z f , ^ k = z d u - m )
This relation has the structure of the Abel equation. Solving it for F(u)  we get
F(u) = ~ —  [ l ' ^ U A d z . (169)
7T J  U y / z  — u
Thus, in this model, knowing the forward density f ( z )  one can calculate the double 
distribution function / (x ,  a) =  F ( x / (  1 — a 2)).
Note, however, th a t the model derived above violates the DD support condition
|x| +  [a| <  1: the restriction jx| <  1 — a 2 defines a larger area. Hence, the model is
only applicable in a situation when the difference between two spectral conditions
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can be neglected. A practically im portant case is the shape of # ( x , 0  for small 
£. Indeed, calculating H(x ,£)  for small £ one integrates the relevant DDs f ( x )  
over practically vertical lines. If x is also small, both the correct \a\ <  1 — |x| and 
model a 2  <  1 -  |x| conditions can be substituted by |a | < 1. Now, if I  S> £, a 
slight deviation of the integration line from the vertical direction can be neglected 
and H(x ,£)  can be approximated by the forward limit /(x ) .
Specifying the ansatz for f ( z ) ,  one can get an explicit expression for the model 
DD by calculating F{u)  from Eq. (169). However, in the simplest case when 
f ( x )  =  Ax~a for small x, the result is evident without any calculation: the DD 
/(x , a )  which is a function of the ratio x / ( l  -  a 2) and reduces to Ax-a after 
integration over a  must be given by
/(x ,  Oi) = pa{a) f (x)  
where pa{a) is the normalized profile function of Eq.(152):
J ( x , a )  = ^ r(f/2) r(a + 2)' (1 -  q2)'‘J~'*' (170)
In the language of the non-forward This DD is a particular case of the general 
factorized ansatz / ( x ,a )  =  pn(a) f ( x )  considered in the previous section. Its most 
nontrivial feature is the correlation n = a between the profile function parameter 
n and the power a characterizing the small-x behavior of the forward distribution.
Knowing DDs, the relevant SPDs # (x ,£ )  can be obtained in the standard way 
from f { x , a )  for quarks and from x f G(x ,a)  in the case of gluons. In particular, 
the SPD enhancement factor R { 0  for small C in this model is given by
, , , , ,
/«(()  r(a + 2)r(a+l) 1 '
J?(Q r(2q + 2) 
c/°(c) r(a + 3)r(a + i)
for quarks and by
for gluons.
The use of the asymptotic profiles for DD moments / n(a) is the basic assump­
tion of the model described above. However, if one is interested in SPDs for small
R e p ro d u c e d  with p e rm iss ion  of th e  copyrigh t ow ner.  F u r th e r  rep roduction  prohibited w ithout perm iss ion .
C H AP TER  4. EVO LU TIO N OF N O N-FO RW ARD  D ISTRIBU TIO N S 79
the impact of deviations of / n(a) from the asymptotic profile is suppressed. 
Even if the higher harmonics are present in /„ (q ) , i.e., if the xn_2fcC ^ 2+n-2A:(Q:) 
moments of f { x , a )  are nonzero for k > 1 values, their contribution into the 
Gegenbauer moments Cn(£, /i) is strongly suppressed by £2fc factors [see Eq.(160)]. 
Hence, for small £, the shape of H(x,£)  for a wide variety of model a-profiles is 
very close to tha t based on the asymptotic profile model.
Absence of higher harmonics in / n(cx) is equivalent to absence of the £- 
dependence in the Gegenbauer moments Cn(£, /i). The assumption tha t the Gegen­
bauer moments Cn(£,^) do not depend on £ was the starting point for the model 
of SPDs H(x,£)  constructed in ref. [128]. Though the formalism of DDs was not 
used in ref. [128], both approaches lead to identical results: the final result of [128] 
has the form of a DD representation for H(x,£) .  In Appendix A, we also start 
with C„(£,/i) =  Cn (0,^) and re-derive the DD corresponding to the asymptotic 
profile model.
4.6 Evolution Algorithm
At one loop, evolution equations for non-forward parton distributions 
can be written as
(173)
b i
or in a “m atrix” notation
dUFHij) - . -.
=  W ' ? ® ^ ) .  (174)
Using the explicit one-loop form of the effective coupling constant
47T
=  do l o g ( ^ 2/ A 2) (175)
(A) =  11 — | Nf)  and the symbolic notations of (174), one can present the formal
solution for the set of evolution equations in the form of an expansion
£ < (g 2) =  exp(i(<32,g „ 2) i r c) ® ^ cWo2) (176)
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(177)
To get the n =  1 term  8 \T^  =  < 8  F({Qq2) of this expansion, we evaluate
numerically the convolution of the kernel with the initial distributions T^(Qq2). 
To get the n =  2 term  8 2 ^  = (W^) 2 ®J:̂ (Qq2), we convolute with the smoothly 
interpolated result of the first iteration 8 \T$, and so on. After obtaining 
8 2 ^ ,  etc., we construct evolved distributions F ^ Q 2) for any desired value of Q2. 
Of course, the number of necessary iterations of with the initial distributions 
jF<;(Qo2) depends on the size of the expansion param eter
L( Q2, Q02) = f l o g  
3o
log (Q2/ A 2)
log (<Jo2/A 2) .
(178)
When L is not very large, it is sufficient to calculate just one or two iterations.
4.7 Evolution of Non-Forward Parton Distribu­
tions
In this section, we will analyze evolution patterns for SPDs constructed using the 
factorized model (136) with different choices for the profile function /i(x .a).
As we discussed earlier, the use of the infinitely narrow profile function 
/i(x, a ) =  <5(a) gives the simplest model in which untilded NFPDs are given by 
shifted forward distributions
(£ $ )  ■ (179) 
For any monotonic function /(x )  this gives NFPDs T$( X)  which are larger in 
the region X  > C than  their forward counterparts. Due to pQCD evolution, 
/ (x . Q2) get steeper in small-x region, i.e. the NFPDs become even more strongly 
enhanced.
As noted in Section 4.4, the use of wide profile functions h(x, a)  also results in 
stronger enhancement for NFPDs in X  >  C region. For illustration see Figs.12,13.
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In Fig. 12 we show £,' =  0.1 NFPDs obtained “by shift” from forward distributions 
f ( x , Q 2) taken a t two Q2 values 1.5 GeV2 and 20 GeV2. For comparison, we 
show also NFPDs obtained from f { x , Q 2 = 1.5GeV2) using the “asym ptotic” 
profile functions h^3s (x, y ) =  6y( l  —x — y ) for non-singlet quark distributions and 
h^sM(x,y)  =  30t/2(1 -  x -  y)2 for gluon distributions in pure gluodynamics. The 
NFPDS constructed in this way were then numerically evolved to Q2 — 20GeV2 
using the approach outlined in Section 4.6 and kernels given in Appendix B. The 
ratio of NFPDs obtained using these two models is shown in Fig. 13. As expected, 
the ratios increase with Q2.
0 . 05 0. 1 0 . 15 0 . 2 0 . 05
FIG. 12: YM gluon (left) and quark non-singlet (right) non-forward distribu­
tions F ^ 'q{x) based on our model with has profiles versus “shifted” forward ones
(uk ~2 )f  ( f ^ / f ) 1 at tw0 different Q2 scales: 1.5Ge V2 (dashed and solid curves) 
and 20Ge V2 (dotted and dash-dotted curves).
The same construction can be performed in the singlet case. Main observation 
here is large enhancement for singlet quark distributions at Q2 =  20GeV2. with 
the ^ ( C ) / / s (C/2) ratio being close to 1.8, see Fig.14. This is again in agreement 
with the estimates made in Section 4.4 for a % 1.
In the above examples of non-singlet quark distributions and gluon distribu­
tions in pure gluodynamics we took “asym ptotic” profiles. It is interesting to test 
whether these profiles are really stable under pQCD evolution. To this end. we 
compared two models for Q2 =  20GeV2 distributions. First, we took the forward 
distribution evolved to Q2 =  20GeV2 and constructed model NFPD using the
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FIG. 13: Ratio of YM gluon (left) and nonsinglet quark (right) non-forward dis­
tributions F^ ' q(x) obtained from our model with has profiles to the '‘shifted”
forward ones (f r£ /f) i  at tw0 different Q2 scales: 1.5GeV2 (solid) and
20GeV'2 (dashed); £ =  0.1.
“asymptotic” profile. Second way is to construct NFPD at Q2 = 1.5GeV2 from 
the forward distribution using the asymptotic profile and then evolve NFPD to 
Q2 =  20GeV2 using non-forward kernels. Fig. 15 shows that the results obtained 
in the two ways are practically identical.
However, if one takes profiles strongly differing from the '‘asym ptotic” ones, 
the curves obtained in the two ways described above, visibly differ from each other, 
see Fig. 16. In the case of a wide profile function, the evolved NFPD looks like 
tha t constructed from evolved forward distribution but using a narrower profile. 
In other words, the pQCD evolution in this case narrows the profile function. 
Alternatively, if one starts with a too narrow profile, then the evolved NFPD 
resembles the model function constructed from evolved forward distribution but 
using a wider profile.
The study performed in Section 4.5 (see also Appendix A) dem onstrated that 
at large Q2 there should be a correlation between the x-dependence of the forward 
distributions and the form of the profile function. Taking the GRV param eter­
ization for gluon (with f g(x) ~  x -0-3 ln (l/x ))  and quark singlet distributions at 
Q2 =  1.5GeV2, we again compared the Q2 =  20GeV2 curves constructed in two
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ways described above. A better agreement between the two models was observed 
for A =  1.5 rather than for A =  1.3. However, the A =  1.3 profile works perfectly 
if one takes the model with purely power-like behavior of the gluon distribution 
f g(x) ~  x -0-3, see Fig.17.
In the singlet case, it is more convenient to use '‘tilded” distributions defined 
on the [ -1 -fs  < X  < 1] segment. These functions, shown in Fig. 18. are symmetric 
or antisymmetric wrt the middle point X  =  C/2.
4.8 Conclusions
In this chapter, we considered models for non-forward and double quark and 
gluon parton distributions for the case of the “zero proton momentum transfer 
kinematics” (p  — p')2 «  Q2. The recipe was given for constructing the models 
consistent with the spectral and symmetry properties of the handbag diagram.
The non-forward distributions are constructed from simple models for double 
distributions F ( x , y : t  =  0:Qq) with correct spectral and symmetry properties. 
They also satisfy the reduction relations connecting them to the usual (forward) 
parton densities / (x , Ql).
For the singlet forward quark distributions, which may have non- integrable 
singularity a t x —► 0, the non-forward distribution is given by the principle value 
integration of the double distribution, which provides a regular function.
The algorithm for the solution of the evolution equations for the non-forward 
distribution was shown to be very effective for the gluon and both singlet and 
nonsinglet quark non-forward parton distributions in both regions of the DGLAP 
-type evolution (x > Q  and the BL- type evolution (x < £)• This allowed to 
perform a consistensy check for the models. It was found that evolved SPDs 
T^(X,  Q2) are very close to those obtained from models based on evolved forward 
distributions / (x ,  Q2). This means th a t the models are consistent with evolution.
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FIG. 14: Ratio of QCD gluon (left) and singlet quark (right) non-forward distribu­
tions F^ 'q(x) obtained from our model with has profiles to the “shifted” forward
ones (1 T a t two different Q2 scales: 1.5GeV2 (solid) and 20Gel/2
(dashed); (  =  0.1 - top, C =  0.01 - middle, £ =  0.001 - bottom.
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FIG. 15: Evolution of the YM gluon (left) and non-singlet quark (right) non­
forward distributions F^ ' q(x) obtained in our model with ha3 profiles. Solid curves 
correspond to the initial distributions a t Q2 =  1.5GeV'2. Dashed curves represent 
non-forward distributions evolved to Q2 =  20GeV'2, dash-dotted ones are obtained 
from the model with the same ha3 profiles and with forward distributions evolved 
to Q2 =  20GeV'2.
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FIG. 16: The same as on previous set of figures (gluon distributions only) but 
with different profiles h(x ,y)  =  N\(x) (y (  1 -  x  — y))x: asymptotic (A =  2) - top, 
wide (A =  1) - middle, narrow (A =  6) - bottom.
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FIG. 17: Top and middle: the same as on previous set of figures but with other 
profiles h(x, y ) =  N\(x) (y(  1 -  x  -  y))x: A =  1.3 - top, A =  1.5 - middle. Bottom 
figure represents the evolution of the model obtained with the profile parameter 
A =  1.3 and model forward distribution /g (z )  =  1 /x 0-3 (no logarithm).
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FIG. 18: Evolution of the QCD gluon (left) and singlet quark (right) non-forward 
distributions F^ ' q{x) obtained in our model with haa profiles. Solid curves cor­
respond to the initial distributions at Q2 =  1.5GeV'2. Dashed curves represent 
non-forward distributions evolved to Q2 =  20Ge V2, dash-dotted ones are obtained 
from the model with the same haa profiles and with forward distributions evolved 
to Q2 =  20GeV'2.
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Chapter 5
Deeply Virtual Compton 
Scattering
5.1 Introduction
The research of the previous chapters led us to the predictions for the non-forward 
quark -  gluon parton distributions in the proton. This, in turn, allows to provide 
some reasonably reliable estim ates of the cross section for the processes involving 
non forward parton distributions.
One of the most interesting theoretically, and feasible experimentally, processes 
is the Deeply V irtual Compton Scattering (DVCS). This experiment is currently 
being planned on CEBAF at Jefferson Lab. The specifics of this experiment is 
that \t\ cannot be much smaller than M 2, so the t -dependent corrections to the 
•‘low f  model are indeed im portant. For the estimates of the polarization effects, 
which will be needed for the experiments with polarized beam and target, the 
more accurate definition of the non forward matrix elements with generalization 
of operator product expansion is necessary. However, for prediction of the to tal 
cross section it is sufficient to keep t  -  dependence only in kinematic structures, 
and not in the distribution amplitudes or the coefficient function.
Another specific problem is th a t we want to analyze the DVCS amplitude, 
which we should extract from the cross section of the exclusive process in the
89
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electron -  nucleon scattering. Note, tha t there is interference of the DVCS process 
with the Bethe -  Heitler scattering. Therefore, the cross section can be considered 
as consisting of three separate parts: DVCS cross section, Bethe -  Heitler cross 
section, and the interference term.
Though the calculation of the cross section is quite straightforward, the task 
technically is rather complicated. To obtain the analytic expressions, we use the 
computer system for analytical calculations REDUCE.
5.2 DVCS Amplitude
The DVCS amplitude may be observed in the exclusive lepton -  nucleon scattering. 
The three relevant diagrams are shown in F ig.19. The blob w ith two photon legs 
in digram Fig. 19a stands for the DVCS nucleon amplitude (i.e. the amplitude 
of scattering of the virtual photon on the nucleon, with the real photon in the 
final state), whereas the one -  photon blob in diagrams Fig. 196, c is the nucleon 
electromagnetic form factor. In this chapter, we will refer to diagram Fig.19a as 
the DVCS part of the amplitude electron -  nucleon scattering. Figs. 196, c give 
together the Bethe -  Heitler part.
The DVCS kinematics implies tha t the momentum transfer from the electron 
to the nucleon Q2 =  — q2 should be large enough to ensure scaling regime for the 
nucleon amplitude. On the other hand, total momentum transfer to the nucleon 
t =  (? -  p')2 should be small enough, so th a t the nucleon DVCS am plitude can 
be approximated with the zero-t non-forward distributions F “(x .t =  0).
The handbag contribution (the blob in Fig.l9a) to the DVCS amplitude can
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u(p')q'u(p)T£{C) +  ^ jU{p ' ) {q ' f  -  rq')u{p)TZ{Q
i ^ aapaq'&
(.pq')
u{p')q'-f5u{p)T^{0  +  ^ • u ( p ' ) 75u(p)Ip(C)
where q' =  7M<?//\  r =  7 r =  p -  p’. The invariant amplitudes Tp{Q can be 
calculated using our models for the non- forward quark parton distributions with 
t =  0:
( 181 )
Note, that because the non- forward distributions are real, the imaginary part of 
Tp{Q comes only from the singularities of the expression in the square brackets. 
Since all non- forward distributions vanish a t X  = 0 , only the first term in the 
square brackets generates the imaginary part:
Im T?(C )=  ir ( * ? ( 0 + * ? (< ) )  • (182)
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TABLE I: Parameters for the models of the forward quark distributions.
rt a 0 7
u 1.89 0.40 3.5 6.0
d 0.54 0.60 4.2 4.0
Sea 0.50 0.75 7.0 0
The real part of the invariant amplitudes T f ( ( )  is given by the ‘‘principle value 
integration” in Eq.(181)
R eT ?(0  =  - P  £  (? Z (X )  +  * * (.* ))  - A C  , (183)
The non-forward distributions T “{X)  are expressed through the double distri­
butions by Eq.(141).
In the previous chapter it was established th a t a satisfactory model model for 
the double distribution is given by the factorized ansatz
Faix, y) = fa (x) - h(x) = Jo h{x,y)dy,  (184)
where / a(x) is the forward quark -  parton distribution and h(x .y )  is the profile 
function. It was also shown that a realistic profile for the double quark distribu­
tions, both valence and sea, is close to the “asym ptotic” form
ha3(x,y)  =  6y (l -  x -  y). (185)
We use the following simple formula for the forward quark -  parton distribu­
tions
fa{x) = T]x~a{a -  x)0{l +  72 ), (186)
with the parameters given in Table I. They closely reproduce corresponding GRV 
parameterizations [139] a t a  low normalization point Q2 ~  lG eV 2.
The resulting curves for the real and imaginary parts of the invariant amplitude 
Tp(£) are shown in Fig.20.
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FIG. 20: Real (left) and imaginary (right) parts of the DVCS invariant amplitudes 
Tp(Q:  u- quark -  solid line, d -  quark -  dashed line, sea -  dash- dotted line.
5.3 DVCS Cross Section
We intend to derive the result for the cross section in the form which is most 
suitable for analyzing the non -  forward parton distributions, i.e. in the kinematics 
variables natural for the nucleon virtual Compton scattering subgraph of digram 
Fig.19a:
s =  (p +  q)2 , Q2 = - q 2 • t =  (p -  p')2 ,
(187)
The final photon is real (q'2 =  0), and the electron mass is negligible (k2 =  
k'2 =  0). Note, tha t for this process t  is negative.
The differential cross section for this process is
d5a
[|dk' dQ'eliab dCpQM
= 2 1 M \ lW p >  (  _  M * \  
(47t)5M  (kp ) \  s )  '
where M  is the nucleon mass, Q!e is the scattering angle of the electron in the lab 
frame, the angle between the virtual and real photons in the center -  mass
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
C H APTER 5. D EEPLY VIRTUAL COM PTON SCATTERING 94
frame. The amplitude
M  =  M bh +  -Moves  (189)
consists of the DVCS part M o v e s  and the Bethe-Heitler part M bh — M bBH +  
M cbh (see Fig.19).
Explicitly, the amplitudes are given by
e3
M d v c s  =  — 2 el  T ^  ue{k',s'e)7 vue(k , s e), (190)
Q
M bBH =  (191)
A , =  +  (192>
££" =  ue{k\  s;e)7  ̂ 7„ue(fc, se), (193)
=  Ue{k\ s'e)l^ 2g t ^ 7<i«(fc. Se), . (194)
where e is a polarization vector of the emitted photon (we neglect the mass of 
the electron). In our normalization for the amplitudes, the helicity summation 
formulas are
^Tu(p ,s )u{p ,s )  =  p + M,  (195)
3
^ 2 u e(k ,s )ue(k,s)  =  k, (196)
3
£ e M(AK(A) =  9iiU. (197)
A
The modulus squared of the amplitude |A4)2 in Eq.(188) is the sum of three 
terms
|A4|2 =  \ M Bh \2 + \ M o v c s |2 +  2Re (M b h -Mdv cs ) (198)
and, correspondingly, the cross section is the sum of Bethe-Heitler, DVCS and
interference terms.
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We evaluate these contributions in the following kinematics (similar to tha t of 
CEBAF at Jefferson Lab): Q2 =  1.5GeV2. £ =  XBj =  0.2, E e =  4GeV and angle 
between the electron and nucleon scattering planes 0 =  0 (so -  called in-plane 
scattering). The results are shown in Fig.21. We present the results for scattering 
on relatively small angles, for which \t\ is small enough, so that our model for 
the non -  forward distribution is still applicable (t varies from its kinematic limit 
t =  —0.045GeV2 to t =  —0.50GeV2 for the angles in the interval from Q~cm =  0° 
to = 30°.
The results show tha t interference part repeats the angular dependence of the 
Bethe-Heitler term, and tha t its contribution to the spin independent observable 
too small compared to the Bethe-Heitler (for small &cm  =  0°) an(  ̂ interference 
one (for large &cm =  0°) f°r experimental measurement.
5.4 Conclusions
In this chapter, we gave the predictions for the DVCS cross section for the kine­
matics similar to tha t what is expected on CEBAF at Jefferson Lab. The DVCS 
amplitude was estim ated using the models for the non- forward parton distri­
butions from Chapter 4. Note, tha t existing at this time information on the 
nucleon structure allows to produce reliable models only for non -  spin-flip part 
of the DVCS amplitude. Therefore, to estimate the DVCS cross section we used 
the same models for the remaining parts of the amplitude. The validity of this 
assumption should be father investigated, both theoretically and experimentally.
The results for the “DVCS”-  part of the to tal cross section is close to those 
obtained in papers [27, 26].
As was pointed out, the contribution of the interference term to the differential 
cross section is small compared to tha t of the BH and DVCS parts. This hints 
th a t it could be very difficult to obtain the data  on the real and imaginary parts 
of the DVCS amplitude from an unpolarized experiment. On the other hand, at 
sufficiently large angles & cM the “DVCS”-  part of the cross section dominates. 
Unfortunately, those angles correspond to the large values —t, so corrections to
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the “zero- t” model of the non- forward distribution will be necessary.
Method, developed in this research, can (and, hopefully, will) be used to 
the predictions for the spin assymetries in the DVCS.
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FIG. 21: DVCS cross section.
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Chapter 6 
Conclusion
In this dissertation, the description of the generalized virtual Compton amplitude 
in Quantum Chromodynamics was considered.
The information on the nucleon structure was described in terms of new new 
functions, non-forward quark and gluon parton distribution. They can be obtained 
from more general object — double distributions.
The non-forward distributions, which may observed in the experiments on 
virtual Compton scattering and meson or jet electroproduction, can be considered 
as a generalization of the (usual) forward Compton distributions, measured in the 
experiments on deep inelastic lepton -  nucleon scattering.
The polarized forward distributions were considered in the perturbative 
Abelian gauge quantum field model. It was shown that the sum rule for the 
invariant amplitude corresponding to the second scaling spin dependent function 
<72(2 ; Q2) (Burkhardt-Cottingham  sum rule) contains a chiral anomaly -  type con­
tribution. However, the sum rule for the other spin dependent invariant amplitude, 
corresponding to the combination g2{x\ Q2) +  g2(x ; Q2) (Schwinger sum rule) does 
not have such terms. The conclusion was made tha t a possible violation of the 
Gerasimov - Drell - Hern sum rule due to infra red nonperturbative effects can 
be caused by violation of the B urkhardt - Cottingham sum rule. Also, the model 
calculation shows tha t the complicated behavior of the generalized GDH sum rule 
is the result of the fact that it is a  specific combinations of two sum rules, each of
98
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which is smooth ( “simple” )[141].
The factorization procedure for the handbag diagram, which contributes to 
the quark parton non-forward distribution, was studied separately for the case 
of the “BL” dynamical region X  < C- This was done on the example of the 
application to the 77* —> 7r transition form factor. Working within the frame­
work of the standard pQCD factorization approach (SFA), which allows one to 
unambiguously separate the contributions having different power-law behavior at 
large Q2, we gave a detailed analysis of the one-loop coefficient function for the 
leading twist-2 contribution. To explore the role of the transverse degrees of free­
dom, we wrote the relevant Feynman integrals in the Sudakov representation and 
showed how the SFA produces the basic building blocks of the modified factor­
ization approach (MFA), such as the Sudakov-type double logarithms In2(6) with 
respect to the impact param eter 6X which is Fourier-conjugate to the transverse 
momentum fcx . The fact th a t we derived the Sudakov effects within the lowest- 
twist contribution of the SFA, explicitly demonstrates tha t they should not be 
confused with the higher-twist effects. In other words, though the Sudakov terms 
are given by integrals over 6X (or fcx), they are purely perturbative and do not 
produce power corrections to the lowest-order pQCD result. Furthermore, we 
observed that the power corrections l / Q 2 due to the intrinsic transverse momen­
tum are rather elusive both within the OPE-type factorization and the light-cone 
approach of Brodsky and Lepage. Contrary to naive parton expectations, the sim­
plest handbag-type diagram in both cases does not produce an infinite tower of 
(1 / Q 2)n terms: such a series is generated by contributions corresponding to phys­
ical (transverse) gluons em itted from the hard propagator connecting the photon 
vertices. It goes without saying tha t an explicit summation of such terms is a 
formidable task in both of these approaches. A simpler picture emerges within 
the QCD sum rule approach in which the infinite sum over the soft parts of the 
q G . . .Gq  Fock components is dual to the qq states generated by the local axial 
current [140].
The evolution of the non-forward distributions was investigated. The corre­
sponding evolution kernels were obtained from the evolution kernels for light cone
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operators. The relation between the non-forward and double distribution and 
their evolutions allowed to construct the models for non-forward distributions 
from the double distributions. Symmetry and spectral properties of the double 
distributions, together with reduction relations to the known functions, were used 
to obtain restrictions on possible shapes of the distributions. We obtain a simple 
model for the double distribution in the form of the product of the forward par­
ton distribution and “profile” function, which is similar to the meson distribution 
amplitude[143].
Numerical algorithm for solving the evolution equations was developed and 
illustrations of the numerical calculations were presented. We used these results 
to check tha t our models are consistent with the evolution[142].
Using this model, we obtained predictions for the experiment on the deep 
inelastic virtual Compton scattering. Developed algorithm allows generalization 
to other kinematics, and allows to calculate the polarization effects. The la tter 
requires the generalization of the models of non- forward distributions to the large 
|t| kinematics.
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Appendix A
Evolution of DDs and 
Gegenbauer Moments
The lowest k =  0 term  of the £2k expansion (160) for the Gegenbauer moments of 
the SPDs involves the DDs /(x ,  a ) integrated over a  with Cq"^3/2(q) =  1. i.e. the 
ordinary (forward) parton distributions:
c ? K  =  0 ' " ) =  r T W 2T § ' , 199)
C" «  = 1 ‘“ > = 2” / 5 ( I : " ! ^  • (200)
The higher term s of the £2fc expansion are small for small £. The approximation 
in which the k ±  0 terms of the £2k expansion for the Gegenbauer moments are 
neglected (i.e., the Gegenbauer moments Cn(£,/z) are treated as ^-independent) 
can be translated into a model for the double distribution / (x ,  a).  The advantage 
of this model is th a t its basic assumption is stable with respect to evolution: if 
the Gegenbauer moments Cn(£,/zo) are ^-independent at some low normalization 
point /uo, this property is preserved for any higher fi. The only impact of the 
pQCD evolution is the change of the relevant forward parton distribution from 
/(x,Afo) to
To derive the explicit expression for / ( x ,a )  in this model, we will use the 
expansion of the light-cone operator U>(—z/2)Xazip(z/2) over the multiplicatively
101
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renormalizable operators On (see [133] ) 
u ( - z / 2 ) \ ‘ z i ,( z /2)  =  £ (1 -  a *)"+‘C„(<*z/2) da . (201)
Inserting it into the nonforward m atrix element, we obtain
(P  -  r /2  > \ P  + r /2 )  =
A  00 (2n +  Z) (202)2£ (_ i r _ L _ L ( 1 _ ^ r . (_ lP z r C „ (? iM )d a .
If the Gegenbauer moments Cn(f ,^ )  are approximated by their £ =  0 values, 
Eq.(202) can be transformed into the representation of the nonforward matrix 
element in terms of double distributions. Namely, the nth moment
f n (a; fj.) = J   ̂x " /(x , a  ; n) dx  (203)
of the q-DD /(x , q  ; fi) is then given by
U a  ■ "> “ r i / 2H n^l)l(1 -  “2r+‘ L  ! { z ■ ^ dz  ■ (204)
The factor relating /„ (q ; h) and f n{^)  is just the normalized profile function 
pn+i(Q!) (see Eq.(152)). In the nonsinglet case, only moments with even n are 
nonzero, while in the singlet case only those with odd n do not vanish. Below, 
we will construct the x > 0 parts of DDs, the trivial (anti)symmetrization can be 
performed at the end.
Incorporating the inverse Mellin transformation, one can obtain the kernel 
K ( x , a ; z) which relates DDs f ( x , a )  in this model with the usual forward distri­
butions f ( z ) .  However, inverting the representation (204) “as is” , one would get 
the expression
/ ( x ,a )  =  - - ^  J  [2(1 -  a 2) / x  -  l ] -3l2f{z )  ^  , (205)
i / ( l - a 2)
whose rhs has a suspicious overall sign. Furthermore, the integral over z  diverges 
at the end-point 2 =  x / ( l  — a 2). These inconsistencies indicate th a t the implied
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interchange of the inverse Mellin transform ation and the 2-integral is not justified. 
To get a less singular kernel, one can try to add an 0 ( l / n )  factor in the expression 
for the moments / n(a ;  /z), e.g., convert l / ( n  +  1)! into l / ( n  -f- 2)! (after such a 
change, the inverse Mellin transform is still easily doable analytically). To this 
end, we use the relation
fl / ( * „ ) , * *  =  /; 1  ( ^ )  d* ,206)
which holds if (a) the function f ( z \  p.) vanishes at 2 =  1 (this is always true) and 
(b) zn+lf ( z )  vanishes at z =  0. The latter requirement is evidently satisfied in the 
nonsinglet case for all n > 0. The singlet distributions are more singular, but we 
need only their n > 1 moments, i.e., the restriction (b) is satisfied again. Using 
Eq.(206) produces the kernel which connects f ( x , a )  with [f{z)/z]':
i
/ ( x ,a )  =  - - , y i -Q2T /  [s(l — a 2) /x  — l] l ,2 [f{z)/z}'  dz . (207)
l/(l-Q2)
This result coincides with Eq.(169). The spectral condition x / z  < 1 -  a 2 relat­
ing the “original” fraction 2 and the “produced” fraction x is analogous to the 
momentum ordering x < 2 in the DGLAP equation: the produced fraction can­
not be larger than the original one. In the present case, if the parton also takes 
some nonzero fraction a  of the momentum transfer, the allowed values of x cannot 
exceed 2(1 — a 2).
For gluons, we combine the expansion for the bilocal operator
z * z " G „ ( - 2/ i ) G M 2 )  = £ (-U " J!12 l± 5L  J \ x  _ Q’r+20G+i(Q2/2)dQ
(208)
and the expression (200) for the Gegenbauer moments at £ =  0. The resulting 
relation for the moments /^ (a ;/z )  has the form identical to Eq.(204) derived in 
the quark case.
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Appendix B 
Evolution Equations
In Ref. [123], the kernels Wgb(x, z) were obtained via
W?b(x ,z )  = [  f  B ab(u,v)6 (x — uz + v(z — Q) 9(u + v < I) du dv{209) 
s Jo Jo








(2 +  6(u)S(v)) (211)







^4(1 + 3 uv — u —
L,) +  w c5{u)S{v)
.-.2 1
luj
+  6(v)u- 2 (213)
In the nonsinglet case, only the qq kernel is needed. Using Eqs. (210),(209), one 
can easily derive the rules allowing to transform each of the four terms contained 
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+ I \ e ( x <  0  ~  +  9 (r >  0  = dt, (2U )
«(«) [;].
m in { x /C ,2 /(}
- & ( x )
dv
v







X  — v C
- * ? ( ! )
dv









J  [^u/fi) - J * ( x )
0





In terms of these contributions, the total qq part of (173) is given by
W F  ® P c{n) =  — CF(di +  d2 +  d3 +  d4). (219)
s 7T
Expressions for d\ and d4 were obtained directly by performing integrations 
over u, v of the terms in Eq. (210) with 1 and (—^6(u)S{v)).  To obtain expressions 
for d2 and d3, we changed the order of integrations. For example, to obtain d3, 
we first take the integral over v and then over 2:
f  i f  f  6(x — uz  +  v(z  — 0)5 (v ) ~  F A z)  du dv] dz =
Jo \ J 0 Jo lu j + J
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f  (  [  5(x — uz) — T r (z) d u | dz = f  d(x /u  < 1) — T A x j u )
Jo \ J 0 iu \  +. J Jo u lu j +
=  /  u )  P ( x ) ~Jo u Jo u
du
=  /  ~  [F%[x/u) +  (l +  log(x)).?J(x). ( 2 2 0 )
The resulting form for integrals in d2 and d3 is particularly convenient for numer­
ical calculations, because the integrand in Eqs. (215), (217) is explicitly regular 
as it, v —> 0.
In a similar way, we represent the gg -kernel part as
W?9 <8 PAp2) =  — N c{d\ +  df +  d | +  d{).
7T
( 2 2 1 )
where




d2 =  9(x < Q  <
f */<r 
/ i ^ F r 1  ) - > ? < * > ^  + l o g ( l / 0  j < ( l )
+ 0(x > C) <
du -
—  +  log(x/0 ^ ( x ) >, (223)
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d\ = / ( ^ ( x / u ) - ^ ( x ) ) ! | + lo g (x )^ (x ) , (224)
d-i =  (225)
The qg and gq parts of the evolution equations (174) for untilded NFPDs in 
the region where z < C cannot be unambiguously reconstructed from the light-rav 
kernels. We use the form suggested in [138], which leads to
+  ^ / ( - 1 +  ) * ? < * > < * > •  (226)
s<39
( z - o2 v -7U'-o.
I
c / ^ V  “  c
In the m atrix notation
W ?  g> ^ ( m2) =  — Cf s9\  (228)
7T
^ 9 ® ^ ( / x 2) =  - ^ ; s w . (229)
s 7T
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